


eee Witt 
Arithmetic 
Teacher 


APRIL - 1955 


A Philosophy of Arithmetic Instruction 
HOWARD F. FEHR 


Estimating and Computing Mentally 
IRENE SAUBLE 


Big Dividends from Little Interviews 
J. FRED WEAVER 


Flexibility in the Arithmetic Program 
MAUDE COBURN 


Role of a Principal in Teaching 
Arithmetic 


LAURA NEWELL 








THE ARITHMETIC TEACHER 


Published Quarterly by 
The National Council of Teachers of Mathematics 


Editor: Ben A. Sue.tz, State University Teachers College, Cortland, N. Y. 
Associate Editor: Estaer J. SWENSON, University of Alabama, University, Ala. 


Subscription Price: $1.50 per year (four issues) to individual subscribers, $2.50 
per year to others (libraries, schools, colleges, etc.) 


All editorial correspondence, including books for review, should be addressed 
to the Editor. Advertising correspondence, subscriptions to Tae ARITHMETIC 
TEACHER, and notice of change of address should be sent to: 


The National Council of Teachers of Mathematics 
1201 Sixteenth Street, N.W., Washington, D.C. 


Entered as second-class matter at the post office at Washington, D. C., June 
21, 1954, under act of March 3, 1879. Additional entry granted at Menasha, 
Wisconsin. 
OFFICERS OF THE NATIONAL COUNCIL: 
President: Marie S. Wilcox, Indianapolis, Ind. 
Executive Secretary: M. H. Ahrendt, Washington, D. C. 
Past President: John R. Mayor, Madison, Wis. 
Vice Presidents: H. Glenn Ayre, Macomb, IIl.; Mary C. Rogers, Westfield, 
N. J.; H. Vernon Price, Iowa City, Iowa; Charlotte W. Junge, Detroit, 
Mich, 


Drrecrors: Allene Archer, Richmond, Va.; Ida May Bernhard, Austin, Texas; 
Harold P. Fawcett, Columbus, Ohio; Howard F. Fehr, New York, N. Y.; 
Phillip S. Jones, Ann Arbor, Mich.; Elizabeth J. Roudebush, Seattle, Wash.; 
Clifford Bell, Los Angeles, Calif.; W. A. Gager, Gainesville, Fla.; Catherine 
A. V. Lyons, Pittsburgh, Pa. Recording Secretary: Houston T. Karnes, 
Baton Rouge, La. 

The National Council has for its object the advancement of mathematics teaching at 
all levels of instruction. Any person who is interested in the field of mathematics is in™ 
vited to apply for membership. Teachers should include the name and address of their 
school on their application. The membership fee is $3 per year and this entitles each 
member to receive The Mathematics Teacher, the official journal, monthly except in June, 
July, August, and September. 











TABLE OF CONTENTS 
Page 
A Philosophy of Arithmetic Instruction................ Howard F. Fehr 27 


Development of Ability to Estimate and to Compute Mentally......... 
RS Banned ik bb i ehe de Reed wth whe ea teh wk ous Irene Sauble 33 


Big Dividends from Little Interviews.................. J. Fred Weaver 40 
Flexibility in the Arithmetic Program..................Maude Coburn 48 
The Role of a Principal in Teaching Arithmetic........... Laura Newell 55 
Addition, Subtraction, and the Number Base.............. Clifford Bell 57 
They Love Arithmetic!.......................004. Harold W. Stephens 60 
es os vans ve eben eee bee's CS ae be eee CRO. has 32 
i he eee ede oe awe ee ewe en ess 47 
es cao ts soe ck eda a RON eN Skee ee bare areas _ 54 


I ee as El Sib eee al ee 








—_ ~~ 











THE ARITHMETIC TEACHER 


Volume II 


April 


Number 2 


1955 





A Philosophy of Arithmetic Instruction 


Howarp F. Fenr 


Teachers College, Columbia University 


Needs 


HE CONCEPT OF need pervades all 
ha theory with regard to learn- 
ing. Parents and teachers are asked to 
discover and help the child satisfy his needs. 
The child’s needs are to be at the center of 
all educational programs. However, there 
has been little or no suggestion that the 
child must also sense the need of under- 
standing his parents and teachers, and of 
their guidance and counsel. The school 
has as its primary task not only to serve 
the child to satisfy his immediate needs, 
but also to equip him for service to society 
in his later life. Hence the child has need 
for that elementary mathematics which is 
demanded of all people in our free demo- 
cratic society. Children will recognize 
some of these needs in their own daily 
experience, but other needs must be shown 
the pupils through experience supplied by 
the teacher. 

In this connection it is well to note that 
in his experience alone a child will never 
meet all number situations called for in 
later life. Nor can he, from a large number 
of isolated arithmetic situations, ever 
come to have a basic knowledge for use in 
later life. Accordingly, we must teach the 
pupils a structure of arithmetic and 
sufficient applications of the structure, so 
that in new situations, in life problems, 
he can use the structure for the necessary 
solution of problems. 

A need is a feeling for something which 
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is absent, which if present, will tend to 
give satisfaction. These needs are bio- 
genic, such as the need for food, shelter, 
survival, and so on. They are also social 
such as status, power, intellectual satis- 
faction, acceptance into society, and so on. 
It is these latter needs with which arith- 
metic learning is mostly concerned. The 
teacher can find these needs in a number 
of places. They are in our everyday cul- 
tural environment as indicated in the 
check list of the National Council of 
Teachers of Mathematics. The needs for 
intellectual, esthetic, and social activities 
may frequently arise simply and naturally 
from the nervous system and its interrela- 
tion with its environment. Not all chil- 
dren lack curiosity and not all children dis- 
like arithmetic. The teacher is also well 
aware of the needs in the many, many 
social problems which the child will not 
encounter until he is much older, such as 
saving and spending the income, invest- 
ment, insurance, loans, statistical inter- 
pretation, and so on. However, a begin- 
ning can be made by creating a make- 
believe adult situation for the child. 
(Playing store is one make-believe adult 
situation.) 


Planning 


In planning a program the teacher must 
at all times recall that arithmetic is a 
logical structure as well as a social instru- 
ment. Unless these two concepts are con- 
tinually interrelated, we shall not succeed 
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in reaching our objective of an adult who 
knows, recognizes, and uses arithmetic in 
his daily life problems. While different 
parts of arithmetic can be learned in vari- 
ous orders, the logical order cannot be 
violated. We must learn some addition of 
whole numbers before we learn some 
meaningful multiplication. We must know 
the operations with whole numbers before 
we can learn to operate reasonably with 
fractions. But we can learn some of all the 
operations, one after the other, in some 
logical order, rather than learn all of one 
operation before we proceed to the next. 
To see the structure of arithmetic as a 
whole, rather than as separate parts, ap- 
pears to give better success in its study. 

Pupils sense needs for arithmetic in the 
world about them, at home, on the radio, 
in the papers, in their‘games, and so on. 
They seldom sense a need for a complete 
understanding and mastery of a number 
system. Real problems, and problems to 
which reality can be given, may be used to 
show the pupils the need of knowing arith- 
metic. The experiences, however, must not 
produce emotional reactions which detract 
from the learning of arithmetic; the experi- 
ence must create within the pupil a drive 
which makes the learning of the arithmetic 
obligatory to him. 

All of this suggests that we plan our 
program of instruction with our classes. 
Of course it is impossible for a group of 
children in grades 3 to 5 to plan its own 
program. Children are totally incapable of 
reproducing what great minds operating 
through centuries of time have created. 
We can, however, from time to time, dis- 
cuss with the children what we are going 
to do, what they think they need, and how 
they can best learn what thus becomes 
their objective was well as the teacher’s 
objectives. We can seize on all aspects of 
children’s interest to motivate their learn- 
ing. Instead of allowing outside interests 
to distract attention from arithmetic, a 
wise teacher uses them in promoting the 
study. Radio, television, the movies, the 
newspapers, even the comics are filled with 


arithmetic and a little search will reveal 
profitable examples. The resourceful 
teacher will adapt all these experiences to 
the level of maturity of his pupils. She will 
also look for causes of fear, defeat, and 
rejection among a few pupils and find ways 
to reassure and help them through their 
interests. However, in motivating the 
learning through interest in experience, 
we must take care that eventually it is the 
mastery and understanding of arithmetic 
that is achieved, as well as a fine personal- 
ity. 
Meaning 

Granted the child sees the need for 
knowing how to multiply, how shall he learn 
it? Shall we show him how and drill, and 
expect that he will know? Shall we expect 
him to understand (have some meaning of) 
every particular algorism we use? The 
basic philosophy of meaning as a necessary 
concomitant of learning is now generally 
accepted. The degree to which meaning is 
necessary, how to obtain it, and what this 
does to drill, are still debated issues in 
arithmetic teaching. 

A fact, concept, or operation is mean- 
ingful to a child when he relates it to his 
previous learning in such a manner that it 
becomes a working aspect of his behavior. 
How well it works depends upon the 
child’s intelligence and the degree of 
practice he has in using the arithmetic. 
Drill (or practice) is the continued repeti- 
tion of an act within limits of human vari- 
ation. We should note that meanings may 
be correct or incorrect, and repetition of 
incorrect meanings or operations can inter- 
fere greatly with further learning. Suppose 
to a child a fraction has come to have the 
incorrect concept ‘2 out of 3 for 3,” “3 out 
of 5 for 3,” etc. Then if he is asked to add 
+2, he says 5 out of 8 or §. Thus the 
whole thing has meaning to him, but not 
the meaning we desire. The more this child 
practices the more he is in trouble. In this 
case practice makes not perfect, but a 
perfect mess. So we must be very careful 
that the meaning the child puts into his 
arithmetic is the correct meaning. 
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Once a child has put meaning into an 
operation or a relationship, there must be 
practice or drill to secure facility and 
accuracy thereafter. This drill can be of a 
number of different types. The most com- 
mon usage of drill is the repetition of the 
same isolated facts until it can be quickly 
recalled. This procedure usually depends 
on pure rote learning. An almost similar 
type of drill is the repetition of various 
isolated facts, such as 6X3, 8X7, 25, 
7+8, etc. This process of securing reten- 
tion of concepts is also one closely related 
to rote learning. The more modern concept 
of drill is the repetition of varied facts in 
varied situations. This process follows the 
field psychology point of view; the seeing 
of the relations of the parts to the whole 
structure of arithmétic in as many aspects 
as possible. We believe that it will give a 
more permanent and more useful learning. 
When a new operation has been related to 
some past experience or concrete situation 
so as to be of use in new situations, it has 
become meaningful. Depending on how it 
is learned the multiplication table can be- 
come a mere rote mechanism soon to be 
forgotten, or it can become a _ long-re- 
membered meaningful relation of numbers 
in an arithmetic operation. ; 

Practice 


Once children have sensed the math- 
ematical operation, have put meaning in- 
to it, and see where it is of value, they are 
ready to drill. Then and then only will 
drill be effective. Buckingham! has pointed 
out that drill is effective only when to the 
child it has purpose, he senses its value, he 
has confidence in his ability to perform be- 
cause of some familiarity with the opera- 
tion, so that he can direct himself toward 
the deepening and broadening of his un- 
derstanding. 

John Dewey has expressed the place of 
drill in arithmetic, by two excellent state- 
ments. ‘‘Practice skills can be intelligently, 

! Burdette R. Buckingham, ‘‘What Becomes 
of Drill,” Arithmetic in General Education, pp. 


196-225. Sixteenth Yearbook of the National 
Council of Teachers of Mathematics, 1941. 


non-mechanistically used, only when in- 
telligence (meaning) has played a part in 
their learning’ and ‘‘An erroneous con- 
ception widely held is that since tradi- 
tional education rested upon a concept of 
organization of knowledge that was al- 
most completely contemptuous of living 
(present experiences), therefore education 
based upon living experiences should be 
contemptuous of the organization of 
knowledge.”’ 

What then is the place of drill? It is pres- 
ent and must be present in our learning. 
The arithmetic used for solving quantita- 
tive problems demands facility in compu- 
tation which is obtained only through prac- 
tice. The learning of division and percent, 
and other applications in later grades, de- 
mands facility in the use of the more 
elementary operations, so that the mind 
can give its attention to the newer con- 
cepts and relations. This faculty is gained 
only through practice. However, the prac- 
tice comes after meaning; it comes in 
varied situations and problems, and be- 
cause of meaning the learning is faster, 
more permanent, and less practice is 
needed than is necessary for rote learning. 


Learning 


The teacher may now well ask, how do 
we get the child to put meaning into his 
arithmetic? We can seek an answer to this 
question in asking our selves how we do it. 
A newspaper article said the U. N. forces 
advanced 6 miles all along a 60 mile front. 
What meaning do you see in this? Do you 
see a soldier walking forward 6 miles, and 
others to his left and right doing this also? 
Do you see 6X60=360 square miles of 
territory has been covered? However or 
whatever you do, you usually go back to 
concrete experience and that is where 
learning of all type begins. So multiplica- 
tion, division, fractions and so on, always 
have the initial learning phases embedded 
in concrete situations. All learning begins 
in & concrete experiential problematic 
situation in which the organism is moti- 
vated to find a solution. 
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Motivation is goal-directed behavior. 
The motivation is entirely within the 
child, but it is brought about partly by the 
environment acting on the child, and 
partly by the child’s own internal struc- 
ture. These factors cause nervous tension 
of the energies within the body, and the 
release of these tensions in physical and 
mental activity is the drive that sends 
the pupil toward a solution, that is, to 
learn. Without this motivation and drive, 
no real learning takes place. So we try to 
develop the type of environment, the type 
of stimuli that help the child to motivate 
his learning. When this motivation is pres- 
ent, then self-instruction (and all real learn- 
ing is ultimately self-instruction) takes 
place. This motivation has its first seeds in 
experience, concrete sensual experience. 
Here is where meaning begins. But it does 
not and should not end at this point. 
However, the uses of visual and mechan- 
ical aids for learning and _ re-learning 
through experimentation is a first step to- 
ward developing meaning. 

The teacher must next encourage the 
child to abstract certain recurring prop- 
erties in his experimentation and to 
generalize these relations into arithmetic 
rules and principles. These general prin- 
ciples must also be related to previous 
generalizations. Thus, the proper place- 
ment of partial products in multiplication 
must be related to previously learned 
generalizations regarding multiplying by 
1, 10, 100 ete. The adding of these partial 
products to get the total product must 
also be related to the general principle of 
distribution.? It is such generalizations 
that the meaning of multiplication deep- 
ens and the relationship of one operation 
to another takes on the aspect of a struc- 
ture. This is not explicitly recognized by 
pupils in the beginning, but the implica- 
tions will later develop into a broader un- 
derstanding of the subject. It is quite evi- 


2 The distributive law is fundamental to all 
mathematics and is given symbolically by 
a(b+c) =ab+ac. Hence, 256 X68 is 256 (60+8) 
or 60 X 256 +8 X 256. 


dent that such learning demands more, 
and more carefully planned instruction on 
the part of the teacher. The learning may 
proceed more slowly, but in the end we 
shall get a better educational product. 

Under such learning, there is a need for 
continuous evaluation of the patterns of 
thinking going on in the child’s mind, 
Computation tests with pencil and paper 
are not sufficient for this. Frequent oral 
explanations by the pupil form a better 
testing device for evaluating understand- 
ings. But more important, from a point of 
view of learning, the children must by 
their own planning and teacher guidance, 
constantly measure their own progress, 
come to recognize their own weaknesses, 
as well as strength, and by the use of 
teacher-prepared tests discover where 
they stand, what they need, and seek ad- 
vice on how to get it. We must have chil- 
dren more and more take on responsibility 
for their own progress in learning. This 
is a long-neglected aim in all school in- 
struction. 


Problem Solving 


Along with this generalization and 
structuring of the knowledge of arithme- 
tic, we must plan for socializing our in- 
struction, that is for the use of arithmetic 
in problem solving. In good instruction, 
problem solving is always present for 
problem solving is learning and learning is 
problem solving. To develop the ability to 
solve new problems by the use of arith- 
metic is the greatest objective of our in- 
struction. It is in problem situations that 
arithmetic can best be seen as a whole— 
as a completed body of knowledge. At this 
point, many teachers will no doubt ask: 
“How do you teach problem solving?” 

This is in large measure an unanswered 
question, but many valid suggestions to 
aid the developing of problem-solving 
ability are at hand. Perhaps most signif- 
icant are (1) always look at the whole 
problem, the whole situation; (2) seek the 
relationship of the parts to the whole, and 
the whole to the part; (3) analyze, or- 
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ganize and reorganize the relationships 
until what is known is directly related to 
what is wanted, then insight will occur. 
Thus problem solving demands “ceaseless 
attention to the building of clear, well inter- 
related arithmetic concepts in all the areas of 
common experience.” 

Preliminary to the solution of word 
problems are three characteristics of 
arithmetic instruction that have received 
all-too-little attention in the past. They 
all rely on active thinking as a mode to 
learning rather than on passive listening to 
instructions. The first is estimation. Of 
course, to make intelligent estimates one 
must have rather clear cut concepts of 
number, the number system, and the 
operations. To find the cost of three 
articles each priced at 48 cents, the second- 
grade child (since he knows the number 
system) says this price is a little less than 
3 half dollars or $1.50. As he advances 
through the grades he continues this 
estimation in far more difficult situations. 
The second characteristic is mental solu- 
tions to both computations and problems. 
Using the knowledge he has of the struc- 
ture of arithmetic, here the child reasons 
without the aid of pencil or paper. He does 
not do mental gymnastics ,or visualized 
computations, but he does secure the 
accurate answer. In the preceding problem 
he reasons each article is 2 cents less than 
a half dollar—3 times ? is 6—the price is 
6 cents less than $1.50 or $1.45 minus 1 
cent or $1.44. This type of mental solution 
is to be practiced from grade 1 on up into 
high school, the problems increasing in 
complexity each year. Estimation and 
mental solutions are the great practices 
that business men use every day. 

The third characteristic is the associa- 
tion of language with an operation. As 
subtraction is taught, such language as- 
take away,—how much more—what is the 
difference—what is left—how much less— 
minus—less than—lost—and so on are 
used in connection with concrete objects, 
so that the child associates a manner of 
speaking with the operation of subtrac- 


tion. In this way, he is able to recognize a 
phrase or sentence in a word problem as 
indicating the separating of a group from 
a larger group to the size of the remaining 
group, or the comparing two groups of 
unequal sizes to find their difference. 
Language and concepts are highly inter- 
dependent in arithmetic. 

The foregoing philosophy of instruction 
can and should lead to an educational 
product that has a healthy attitude to- 
ward arithmetic. It should result in a per- 
son who has self-assurance in the field of 
arithmetic because of a genuine under- 
standing of the mathematical implications 
as well as the ability and compunction to 
recognize and use arithmetic in all life’s 
quantitative situations. What psychology 
of learning is this philosophy based upon? 
Upon all those principles which have been 
common and supported by research find- 
ings in the several psychologies. The psy- 
chology largely used is that of the gestalt 
school, but is is supported by connection- 
ism under its modern interpretation. To go 
further here into any of these psycho- 
logical theories would be of no great help 
to interpret the point of view expressed. 


Summary 


Learning arithmetic stems from the 
needs for arithmetic as perceived by the 
learner. The child and the teacher to- 
gether discuss and plan these needs. 
Arithmetic can be learned only if it has 
meaning to the child. Meanings in arith- 
metic arise from thinking about things, 
from concrete experience, and from prob- 
lem situations. However, meanings and 
experience are only the beginning. They 
must be organized into some sequential 
structure, and the facts must be made 
nearly automatic (that is easy to recall) 
through practice. Thus meaning and un- 
derstanding—that is, concept building— 
precede practice or drill. The child learns 
to evaluate his own progress with the help 
and guidance of the teacher. All testing is 
for the purpose of learning and motivating 
learning. The final goal of all instruction 
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is to develop within the mind of each child 
a problem solving ability in quantitative 
situations. This ability is best acquired 
through a problem solving approach to 
learning arithmetic operations as well as 
by practice in real problem situations. 


Epitror’s Nore: Professor Fehr has applied 
some of the modern principles of learning to the 
field of arithmetic. The article warrants careful 
reading. Mr. Fehr calls attention to the role of 
the child in learning, to his responsibility as a 


PUZZLERS 


A Bookworm BEGINS at page one, 
volume one of a ten-volume set and bores 
straight through the pages and covers of 
the set to the last page of the tenth vol- 
ume. If each cover is one-eighth inch thick 
and each volume has two inches of pages, 
how long is the hole bored? Assume that 
the books are arranged in sequence from 
left to right on a shelf. Did you get the 
right answer the first time? Check with a 


learner, and to various modes of achieving learn- 
ing. Teachers and supervisors should be in- 
terested in the positive statements about such A ny der ees : 
things as children planning their own programs GrorcE Founp a Knire that cost $1.00 
and the role of drill or practice. Professor Fehr When new but was worth 50 cents when he 
has drawn his principles of learning from several found it. He sold it for 25 cents. What was 
psychologies. He would probably agree that we 
still know much too little about how the minds 
of different children operate. 


series of books on a shelf. 


his per cent of profit on the investment? 
How can the answer be expressed? 
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Development of Ability to Estimate and to 
Compute Mentally 


IRENE SAUBLE 
Detroit Public Schools 


T THE PRESENT TIME in all arithmetic 
programs increased emphasis is being 
placed upon development of ability to 
compute mentally and to obtain reason- 
ably close approximate answers for com- 
putations in all four processes. Attention 
to this aspect of arithmetic teaching is 
essential because it contributes to both 
of the commonly accepted large general 
aims in the teaching of arithmetic: the 
social aim and the mathematical aim. 


The Social Aim 


Inherent in the social aim is the require- 
ment that children see the practical value 
of the arithmetic they are learning. They 
need to realize that the better they under- 
stand numbers, the more skill they possess 
in the operations of arithmetic, and the 
oftener they put these understandings and 
skills to productive use, the more ade- 
quately will they be able to meet the stead- 
ily increasing quantitative demandsof daily 
living. In many types of social experiences 
on both the child level and the adult level, 
the need to obtain answers mentally arises 
more frequently than the need to compute 
with paper and pencil. Often an estimated 
answer obtained by mental computation 
with rounded numbers provides an ade- 
quate basis for a decision when the number 
relationships involved are such that an 
exact answer can not be found mentally. 
Even when exact answers are required in 
life situations, it is important that both 
children and adults recognize the advis- 
ability of utilizing an approximate answer 
as a check upon the reasonableness of the 
exact answer they may obtain. 
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The Mathematical Aim 


The mathematical aim maintains that 
pupils need to gain an ever-expanding 
understanding of the structure and or- 
ganization of the number system if they 
are to develop a high degree of competence 
in the procedures of arithmetic. Mental 
computation and estimation not only 
provide opportunities for the utilization of 
meanings pupils have acquired, but also 
stimulate the development of more mature 
understandings of basic principles and 
number relationships. As we shall see in 
the illustrations which follow, pupils who 
succeed in mental computation and in 
estimating do not always employ standard- 
ized, prescribed thought patterns. Instead, 
these pupils develop ingenuity and re- 
sourcefulness in dealing with numbers. 

Although the importance of developing 
ability to estimate and to compute men- 
tally is recognized, many teachers are con- 
cerned because of the difficulties they en- 
counter in trying to attain these learning 
outcomes. This is particularly true in 
Grade 6 during the teaching of multiplica- 
tion and division of mixed numbers and 
decimals. Pupils seem to have become so 
accustomed to finding an exact answer 
immediately that they are not disposed to 
take time first to analyze the number 
relationships involved, use round num- 
bers, and obtain an approximate answer to 
give some indication as to what the exact 
answer should be. Also many pupils have 
become proficient in carrying through 
computational procedures in a mechanical 
fashion without understanding why the 
procedures give correct answers. These 
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children resist the introduction of ways of 
working and thinking that differ from the 
ones they have habituated. 

There are, however, in nearly all classes 
some pupils who have developed the abil- 
ity to estimate and to compute mentally. 
We may well explore the types of situa- 
tions in which estimation and mental com- 
putation are desirable and consider the 


steps which teachers may take to achieve 
this very important goal of arithmetic 
teaching. Let us listen in, as pupils on dif- 
ferent grade levels explain their thinking. 
It will be noted that some pupils find exact 
answers mentally by adjusting the esti- 
mated answer. Some pupils find it neces- 
sary to record partial answers as they 
estimate. 


Ways of Thinking in Estimating 


Mary, a 3rd grade pupil, is explaining how she estimates the sum for Ex. 1. (1 

**28 is about 3 tens or 30; 33 is a little more than 3 tens; and 18 is nearly 28 30 
2 tens, or 20. Then I think 30, 60, 80.”’ 33 30 
“T like to write the tens I add when I estimate.” +18 +20) 


Tom, in the same class as Mary, just looked at the numbers in Ex. | and said: 79 a) 
**30, 60, 80. The sum is about 80.” 


Peter is estimating the answer for Ex. 2. (2 


91 is about 90; 38 is about 40; 40 from 90 leaves 50.”’ 9] 


Janice thinks the exact answer for Ex. 2. by adjuting her estimate. 

“91 less 40 =51. The real answer is 2 bigger, or 53.” 53 

In Grade 4 we find that pupils often use a grater variety of ways of estimating 

or computing mentally. Consider the different ways of thinking used by 

these children for Ex. 3. . 
89 

Helen: ‘‘189 is about 2 hundred. 97 is about 1 hundred. 200 +100 =300, but +97 

I know that the exact answer is about 10 less, so my estimate is 290.” 

’ ; 286 

Jean: “189+100 =289. The true answer is 3 smaller, or 286.’ 

Fred: “18 tens +9 tens = 27 tens, or 270; 270 +9 =279 and 7 more makes 286.” 


For Ex. 4, one child finds an estimate and two children are able to think the (4 s 

exact product. vo 
x6 

Helen: ‘95 is close to 100. Then 6 X 100 =600.” 

: > ’ é atthe 570 

Betty: “600 is a good estimate. The exact answer is 65 or 30 smaller. 

600 less 30 = 570.” 


Jim: “6X 540; 6 X5 =30; 540 +30 =570.” 


Some pupils generalize, as Henry did below in Ex. 5, that estimates in sub- (5 

traction are closer if only the subtrahend is rounded. (320 
1054 

Allen: ‘7320 is about 7 thousand; 1954 is about 2 thousand. 

‘2 from 7 leaves 5—the estimate is 5000.” 5366 

Henry: ‘£7320 less 2000 leaves 5320. This is about 50 smaller than the exact 

answer. 5320 +50 =5370.” 


Pupils find that rounding the dividend to the nearest hundred or thousand (6 

is sometimes helpful, but often it is not. 5 40 
Linda said: ‘I paid $2.94 for a box of 6 handkerchiefs. About how much 6)$2.94 
did one cost?”’ 


Marion estimated: ‘‘2.94 is about $3.00. 1/6 of $3.00 =50¢. 
“You paid about 50¢, just a little less than 50¢.” 


For finding 1/7 of 595, Harry said: “7 X8=56, so 7 X80 =560; 7 X90 =630. (7) 
The number 595 is about halfway between 560 and 630, so the answer is 
about halfway between 80 and 90. My estimate is 85.” 
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In Grade 5, the whole numbers in examples become larger and estimates are 
not likely to be as close as in Grades 3 and 4 where smaller numbers are in- 
volved. However, using round numbers and estimating will establish upper 
or lower limits for answers which prove helpful. Also, in Grades 5 and 6 
pupils often write the round numbers which they use in obtaining estimates. 


For Ex. 8 Jack rounds both factors. 

Jack: ‘28 is about 3 tens; 39 is about 4 tens. 

“3 tens <4 tens=12 hundreds (1200). The exact product is less than 1200 
because I rounded both 28 and 39 upward.”’ 


George rounded only one factor in Ex. 8 to obtain a closer approximation. 
George: “I multiply 28 by 40 to get an estimate. 

40 X 20 = 800; 40 X8 = 320; 800 +320 = 1120.” 

George’s estimate is closer to the exact product than Jack’s but he found it 
necessary to write the steps in his thinking. 


To obtain an estimate for Ex. 9, Carl finds an upper and a lower limit for 
the product and then judges about what the best estimate is. 
Carl: “$5.48 is about halfway between $5.00 and $6.00 


“19 is almost 20, 20 x $5.00 =$100; 20 X $6.00 = $120. 
is between $100 and $120. My estimate is $110.” 


Probably the product 


David finds a closer estimate by thinking of $5.48 as 54, multiplying 19 
by 53. 


David: $5.48 is about $54. 5X19 =95. 4 X19 is about 10. Then 95+10 =105. 
My estimate is $105.” 


In Ex. 10, Katie finds an upper and a lower limit for a quotient. 

Katie: ‘176 is the first partial dividend. 176 means tens, so the quotient will 
be a 2-place number.” 

“Next, I think 30’s in 170 or 3’s in 17 are 5, so the quotient will probably 


not be smaller than 50, and it can not be as large as 60.” 


Bill: “For 1768 +34, I think 34100 =3400. 1768 is about half of 3400, so 
the quotient will be about 4 of 100 or 50.” 


28 
x39 


35 


(8) 
30 
x 40 





252 

84 

1092 
40 X20 = 
40X 8= 


1200 


800 
320 


1120 


(9) 
$5.48 
x19 





4932 
548 


$104.12 


(10) 
52 

34) 1768 
170 

68 

68 


Although there are relatively few ap- 
plications of multiplication and division 
of mixed numbers in pupils’ out-of-school 
experiences, all courses of study include 
these topics. There are so many steps in- 
volved in the procedures for finding exact 
answers, and an error in any step may re- 
sult in an absurd answer. Many children 


are never quite certain which number to 
invert in dividing by a fraction or a 
mixed number. In studying these proc- 
esses, all pupils will profit greatly by es- 
the habit of obtaining an 
estimated answer to serve as a guide in 
judging the reasonableness of the exact 
answer. 


tablishing 


Sam, in kx. 11, thinks: (11) 
“Si is about 9; 27 is about 3. 83+2i= 
“9+3=3. My estimate is 3. on. a 
“My exact answer is 32s, which is a sensible answer when compared 35 | 23 a 
with my estimate.” 4 8 
2 
35. $8 70 1 
x = =3 
4 23 23 23 
1 
Roger, in Ex. 12, explains: (12) 
“Rounding both mixed numbers, downward, the product would be 23x43 = 
2x4, or 8. Rounding upward, the product would be 3X5, or 15. _ . we 
“My estimate is 10, a number between 8 and 15. My exact answer, 10 *. DO] 11 23 
114%, is reasonable.”’ ; 
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Kathy, in Ex. 13, utilizes her knowledge of fraction and decimal 
equivalents to help her to estimate a quotient with a decimal frac- 
tion divisor. She thinks: 

“24 is close to .25, which equals }. 7.92 is close to 8. 

“In 1 whole there are four }’s, so in 8 wholes there are 8 X4, or 32 
fourths. 

“8 +4=32. My exact answer, 33, must be correct.” 


In Grades 6 to 8, pupils find it advantageous to estimate answers in 
working with decimal fractions and mixed decimals. Pupils who 
understand decimals and place value readily apply skill developed 





(13) 


33 
.24)7.92 =24)792 
72 


bono 





in estimating with whole numbers to mixed decimals. 


Janet, in Ex. 14, says: 
15.190 is about 15; 8.754 is about 9. 
“9 from 15 leaves 6.”’ 


Alfred, in Ex. 15, explains: 


**2.125 is just a little more than 2. 642 or 2X64 =128. The exact 
answer is larger than 128 because 2.125 was rounded downward.” 


John, in Ex, 15, thinks the exact answer: 


2.125 =2}. 2X64=128. } X64=8. 1284+8 =136. 


“The exact answer is 136.”’ 


Ex. 16 


Alice: ‘‘39.6 is about 40. 2.8 is about 3. 340 =120. 


“This is larger than the exact answer.” 


Harry: “I round 39.6 to 40. 2.8 is more than 2} but less than 3. 
2X40 =80. 24 X40 = 100. 3 X40 =120. The exact answer is probably 792 
about halfway between 100 and 120. My estimate is 110.” 


Guiding Pupils in Estimating 

What understandings, abilities, and 
values should we emphasize in our teach- 
ing of arithmetic to guide pupils to develop 
competence in estimating and in obtaining 
exact answers mentally? Some of these are 
discussed below. 

1. Pupils need to recognize the relative im- 
portance of approximate answers and exact 
answers in the quantitative situations of 
daily life. 

The teacher will need to be alert to the 
situations in which his pupils find socially 
significant uses for arithmetic. From these 
he will call special attention to those in 
which approximate answers and mental 
computation were required. 

Pupils may be encouraged to discuss 
with their parents similar types of situa- 
tions. The teacher will find many textbook 
problems suggestive and appropriate. As 
practical uses of estimation occur, these 
uses should be listed and kept throughout 


(14) 
15.190 
—8.754 
6.436 
(15) 
2.120 
x64 
8500 


12750 


136 .000 


(16) 
39.6 
xX2.8 2X40= 80 
3168 24x40 = 100 


3 X40 = 120 


110.88 

the vear. Pupils in the upper grades who 
become genuinely interested in searching 
for occasions when approximation is 
needed will tend to find an increase in the 
number of uses in their own daily life 
experiences. 

John (in the fourth grade) gave this 
illustration of a situation in 
estimated: “I wanted to pay for movie 
tickets for two friends and for myself. The 
tickets were 49¢ each. I had two dollar 
bills and a half dollar in my purse. I gave 
the ticket seller a dollar bill and the half 
dollar because I knew that 3 times 50¢ 
was $1.50.” 

Sally (in the fifth grade) told the class 
that she estimated in this situation. Her 
family planned to 1000 
miles. She asked her father how many days 
it would take them. Her father told her 
that on trips they usually averaged about 
40 miles and hour and planned to drive 
about 8 hours a day. Sally thought 8 x 40 = 


which he 


a trip of bout 
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320 miles in 1 day; 640 miles 2 days; 960 
miles in 3 days. She decided that 960 was 
so close to 1000 that they would probably 
take 3 days for the trip. 

2. Pupils need to gain an increasingly 
more mature understanding of the nature 
and structure of the number system. 

Pupils gain their basic understandings 
of numbers by working with objects which 
can be combined, separated, and grouped 
according to the standard sized group in 
our number system—the ten group. 
Pupils learn our system of notation, our 
way of keeping a record of the objects we 
have counted and grouped into tens and 
ones; into tens of tens, and so on. By 
gradual steps, pupils learn that the posi- 
tion in which a digit is written determines 
its value in the number, and that each 
position or place in a number has a value 
ten times the one immediately at its right. 

By Grade 5, pupils have had experi- 
ences in building, analyzing, reading, writ- 
ing, and using whole numbers through 
millions. They are then ready to extend 
their number meanings to include decimal 
fractions which represent merely the ex- 
tension of the number system to the right 
of ones’ place. 

Many of the difficulties which pupils 
experience in working with decimal frac- 
tions are due to the fact that they have 
an inadequate understanding of the logic 
of the whole number system. If pupils are 
to become competent in obtaining either 
exact answers or approximate answers in 
the operations with decimal fractions, they 
need a wealth of experiences to make pos- 
sible the development of these basic rela- 
tionships of the number system. 

While decimal fractions employ the 
same system of notation as whole numbers 
and a study of one should tend to clarify 
and extend understandings of the other, 
this is not the case for common fractions. 
To gain functional concepts of common 
fractions, pupils need many and varied 
experiences in manipulating fractional 
parts of real and representative objects. 

3. Pupils need to learn to round numbers 


and to develop judgment and resourcefulness 
in using round numbers to obtain reasonable 
approximations. 

As pupils in Grades 3 and 4 learn about 
place value of numbers and have practice 
in analyzing and building 3 and 4 place 
numbers in different ways, they should 
also learn the principles for rounding 
numbers to the nearest ten hundred, and 
thousand. Pupils should become familiar 
with situations in which round numbers 
are more meaningful and more useful than 
exact numbers. For example, it is probably 
just as accurate to think of the population 
of a given city as 256,000 as to say that it 
is 256,789. The rounded number can often 
be remembered, whereas the other one 
would be forgotten. 

In Grades 5 and 6, as pupils increase 
their understanding of the number sys- 
tem, they should learn to use larger 
rounded whole numbers. When decimal 
fractions are studied, attention must be 
focused upon rounding the part of the num- 
ber to the right of ones’ place to the near- 
est, tenth, hundredth, thousandth, ete. In 
building meanings for mixed numbers, the 
relative significance of the whole number 
and of the added fraction needs to be 
clearly appreciated by pupils. Rounding a 
mixed number to the nearest whole number 
is important as pupils find approximate 
answers in multiplying and _ dividing 
mixed numbers. 

4. To develop competence in estimating, 
pupils need a thorough understanding of 
process meanings and their interrelation- 
ships. 

Pupils need to realize that the processes 
of addition, subtraction, multiplication, 
and division are merely ways to combine 
or separate groups. They need to know 
the basic principles which govern the way 
we combine groups in addition and in 
multiplication, and the way we separate 
groups in subtraction and in division. 

In addition and subtraction of 2 and 3 
place numbers, pupils find that the num- 
bers are analyzed in terms of the ten- 
system, and that only like units may be 
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added or subtracted. To add 37+56, we 
may find partial sums and then combine 
them to find the final sum. 30+50=80; 
7+6=13; 80+13=93. Or we may add 
the ones (7+6=13), regroup 10 ones as 1 
ten, and add it with the given tens to ob- 
tain 9 tens and 3 ones, or 93. Pupils need 
to relate subtraction to addition and to 
understand that in subtraction we know 
the sum of two addends and one addend. 
To find the missing addend, we subtract. 

In multiplication and division, likewise, 
we regroup number in terms of the decimal 
system. To find 3 X58, we may find partial 
products and combine them to find the 
total product. 3X50=150; 3x8=24; 
150+24 =174. Or we may find the product 
for the ones (3X8=24) and regroup 20 
ones as 2 tens and add 2 tens to 15 tens, 
the product of the tens, to obtain 17 tens 
and 4 ones, or 174. The interrelationship 
of multiplication and division must be 
clearly discerned. We divide to find a miss- 
ing factor when we know a product and 
one of its two factors. 

To achieve success in estimating, pupils 
need to understand and to utilize basic 
relationships among the numbers involved 
in the computation to be carried out: 

a) If the multiplier is larger than 1, the 
product is larger than the multi- 
plicand. If the multiplier is smaller 
than 1, the product is smaller than 
the multiplicand. 

b) If the divisor is larger than 1, the 
quotient is smaller than the dividend. 
If the divisor is smaller than 1, the 
quotient is larger than the dividend. 

c) The quotient is not changed when 
both the dividend and the advisor are 
multiplied or divided by the same 
number. 

5. Pupils need many opportunities to 
practice estimating and to develop confidence 
in their ability to estimate. 

If pupils are to develop competence in 
estimating and in computing mentally, 
they must have carefully planned activ- 
ities in a sequence that leads from work 
with simple examples in which number 
relationships can easily be discerned to 


more complex examples. Much of the work 
will need to be done orally and this is time 
consuming, but is worth the time it takes. 
The ways of thinking and working in 
estimating are not set, and pupils need to 
be encouraged to find and use a variety of 
number relationships. In their oral discus- 
sion, pupils share their ways of thinking 
with each other and take pride in their in- 
dividual ways of working. 

It is often advantageous for the teacher 
to work with small groups, grouping to- 
gether pupils who can follow the reason- 
ing of others in the group. More capable 
pupils in a class may be expected to make 
most of their computations with round 
numbers mentally. Pupils of average 
ability may be encouraged to record some 
of their work with rounded 
Permitting pupils to write computations 
with round numbers is comparable to 
permitting some pupils to show changed 
minuends in subtracting or 
carried numbers in adding columns. 
Teachers sometimes become discouraged 
in teaching estimating when they expect 
all computations with rounded numbers to 
be done mentally. This is a goal to work 
toward, but it must be 
gradually. 

Whether a pupil thinks aloud before the 
entire class, before a small group, or for 
the teacher only, he should not be hurried 
as he tries to explain some relationship he 
has discovered. Pupils need praise and 
encouragement for each forward 
When it is evident that a pupil is on the 
wrong track in his thinking, he must be 
tactfully redirected. Teachers need to 
make certain that pupils do not think that 
estimating means guessing. 


numbers. 


showing 


approached 


step. 


Summary 


Pupils who have developed competence 
in estimating and in computing mentally 
find many opportunities to utilize these 
abilities in life situations. We can justify 
emphasis upon these learning outcomes in 
the teaching of arithmetic because they 
contribute to the development of intelli- 
gent mastery of the procedures used to 
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find exact answers. Pupils who have been 
taught to imitate and to habituate process 
patterns without regard to the meanings 
and relationships involved are not critical 
of the exact answers they obtain. A back- 
ground of meanings and understandings is 
essential for development of the ability to 
estimate, but practice in estimating in 
turn fosters the building of more mature 
understandings, and promotes the devel- 
opment of ingenuity and resourcefulness in 
meeting all types of quantitative situa- 
tions. When pupils develop the habit of 
analyzing the number relationships in- 
volved and of thinking out the answer to be 
anticipated, they are far more critical as 
they carry out the work to obtain the 
exact answer. 

The program of mental arithmetic de- 
scribed in this article differs markedly from 
the mental arithmetic of an earlier day in 
several respects. First, it is a part and 
parcel of the regular program of arith- 
metic instruction, not something separate 
and apart. It would seem safe to assert 
that to teach arithmetic with meaning and 
understanding, learning activities of the 
kind used as illustrations in this article 
must be experienced by the learner. Sec- 
ond, the present day mental arithmetic 
requires thinking in terms of number rela- 
tionships rather than the performance of 


the operations of arithmetic mentally by 
paper and pencil methods. Obviously the 
mental gymnastics of the older mental 
arithmetic could contribute little to greater 
meaning and understanding. The evidence 
gathered to date warrants the final con- 
clusion that the current conception of 
mental arithmetic is more apt to produce 
skill in mental computation than the older 
program. 


Epiror’s Nore: Some may ask, ‘‘Why waste 
time on estimating when a direct method of 
computation will give the right answer in less 
time?’ Miss Sauble has pointed out that esti- 
mated answers are often more like ‘thinking 
answers” and that frequently a precise answer 
is not needed or desired. The editor recalls the 
clerk in the store who insisted on giving him a 
dollar too much in change and showed him how 
she had taken the time to “‘do it with paper and 
pencil.’”’ Good methods of estimating are valu- 
able in following a discussion or presentation of 
another person because they enable the listener 
to think and arrive at a reasonable conclusion, 
even to check the reasonableness of the other 
person’s thinking with figures. We must recog- 
nize that the mental method usually proceeds 
by different steps, perhaps even different or re- 
verse routes, from the written method. Query, 
is there an essential difference in modes of esti- 
mating that bright children employ from those 
which children of lesser ability can or should 
use? Do children of lesser ability in grade six 
tend to use the same methods that brighter 
children used in grade four? Does learning to 
estimate by applying a mechanical rule have 
any real value in the elementary school? 





DR. CLARK BECOMES AN ASSOCIATE EDITOR 


Dr. John R. Clark has been appointed as an additional associate editor of THe AriTH- 
MEtTIC TEACHER. Dr. Clark is well known to people in mathematics education through-’ 
out the country for his writing of books and journal articles, for having edited The Math- 
ematics Teacher, for lecturing at many teacher’s meetings, and for his many years on 
the staff at Teachers College, Columbia University. 

In a little more than one year THe ARITHMETIC TEACHER has grown from zero to 
nearly 5000 subscribers. During this period Dr. Ben A. Sueltz has served as editor and 
Dr. Esther Swenson has served as associate editor. Beginning in October, six issues will 
be printed each year. Mr. Sueltz and Miss Swenson will continue as heretofore and with 
the assistance of Dr. Clark the journal should become better and better. 

Let the editors have your suggestions for features and articles which you would like 
to see next year. What are some of the practices and procedures that public schools are 
using in their modern programs in arithmetic? Are there serious questions that groups 
of teachers face and which might be presented and discussed in the journal? Help the 
editors to make this an interesting and worthwhile journal. 








Big Dividends from Little Interviews 


J. FRED WEAVER 


Boston University School of Education 


HERE IS NO “‘GET-RICH-QUICK”’ scheme 

for improving the effectiveness of 
arithmetic instruction, nor will there ever 
be such a scheme. There are available, 
however, sound low-cost investments 
which often yield substantial dividends at 
high rates of compound interest. These 
every teacher can afford, regardless of pres- 
ent salary status! 


A Promising Investment 


One of the most promising of these in- 
vestments is an outgrowth of a marked 
change that has been occurring in arith- 
metic instruction during the past two 
decades: namely, our increased concern 
for the process of learning as contrasted with 
the product of learning. We have come to a 
fuller realization of the fact that how chil- 
dren learn is as important, and at times 
more important than what they learn. We 
have come to attach as much, and often 
more attention to the way in which chil- 
dren think as we do to the observable re- 
sult of that thinking. 

We know that all children do not think 
uniformly, in the same way, when dealing 
with a given quantitative situation. We 
recognize that important differences exist 
in the levels of thinking which children em- 
ploy. Their thinking patterns range from 
those which are almost pathetically im- 
mature on the part of some of those which 
are rather startlingly mature on the part of 
others; from those which are stereotyped 
and inflexible to those which are insightful 
and ingenious. 

We know, furthermore, that a given 
child does not tackle all quantitative 
problem-situations at the same level of 
thinking. There are differences for each 
child, just as there are differences among 
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children, in the thinking patterns actually 
used. 

Instruction in arithmetic 
most effective unless the teacher first 
aware of the levels of thinking employed 
by the children in her class when dealing 
with various quantitative situations, and 
then differentiates her ap- 
propriately in light of this knowledge. 
The teacher who seeks to become cogni- 
zant of these existing levels and who seeks 
to guide learning experiences accordingly, 
that teacher is the one who is making a 
promising investment—an 
that can and does yield substantial divi- 
dends, both present and future. 


be 


is 


cannot 


instruction 


investment 


An Investment Technique 


Various methods have been suggested 
and used to study children’s thinking 
patterns in arithmetic. Buswell! discussed 
six of these in a significant article a few 
years ago. In the present paper the writer 
wishes to re-emphasize the importance of 
one of the techniques as a fruitful in- 
structional procedure to be used by any 
classroom teacher. This is a form of inter- 
view in which children individually “think 
out loud” as they respond to specific 
quantitative situations, and related ques- 
tions, which have been designed carefully 
for a specific purpose. The time spent in 
‘interviewing’ various pupils, all 
children in a class upon occasion, will be 
well invested in terms of the dividends to 
be derived—the dividends of increased in- 
structional effectiveness. 


and 


! G. T. Buswell, “ Methods of Studying Pupils’ 
Thinking in Arithmetic.’ Arithmetic 1949. Sup- 
plementary Educational Monographs No. 70. 
Chicago: University of Chicago Press, 1949, pp. 
55-63. 
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Planning the Investment 


Probably a specific illustration of the 
technique in actual operation may be 
advantageous. In this particular instance 
the classroom teacher, Miss Watkins, was 
anxious to become aware of the thinking 
patterns used by the pupils in her fourth- 
grade class as they responded to a group 
of multiplication combinations. She was 
ready to begin systematic instruction in 
multiplication and wanted to be guided to 
some extent by the children’s existing 
skills and understandings relative to the 
basic facts of this process. She knew that 
during the previous year the pupils had 
worked with the facts involving 2, 3, and 4 
as both multiplier and multiplicand. How- 
ever, from past experience she also knew 
that there would be differences among the 
children in their level of mastery of these 
previously ‘“‘taught’’ their 
level of understanding of multiplication 


facts and in 


as a mathematical Further- 
more, she also knew that the same child 
not respond to all 
combinations in the same way or at the 
same level. 

Miss Watkins decided to use six rep- 


multiplication 


process. 


would necessarily 


combinations 
as the basis for her study of pupils’ think- 
ing patterns. Four of the six would in- 
“known” facts; 
facts that had been a part of the pre- 
vious year’s program of systematic in- 
struction. Two of these four combinations 


resentative 


volve supposedly 1.e., 


would be presented in horizontal form and 
form. Finally, Miss 
Watkins planned to include two “un- 
taught”’ facts in the form of combinations 
having both multiplier and multiplicand 
greater than 4. These would not have been 
the object of specific teaching and prac- 
tice in last year’s systematic instructional 
One of the two “untaught”’ 
combinations would be presented in 
horizontal form and the other in vertical 
form. (The reason for including two facts 
of this nature, if not obvious to the reader, 
will be clarified shortly.) 

Although Miss Watkins did not plan to 


two in vertical 


program. 


measure understanding of the multiplica- 
tion process directly, she felt that she 
could get some evidence of this important 
aspect of learning in either or both of two 
indirect ways. On the one hand, children 
who were unable to respond more or less 
“automatically” to one or more of the 
four “previously taught’? combinations 
often would give an indication of their 
level of understanding by the method used 
to find the product. On the other hand, 
virtually no pupils would be likely to 
respond ‘‘automaticaily” to either of the 
two ‘“‘untaught’”’ combinations. Each of 
these would have to be “solved’”’ in some 
way. Thus the method of attack and solu- 
tion used by any child, in transferring his 
existing knowledge of the multiplication 
process and facts to these two new situa- 
tions, generally would give some valid in- 
dication of his level of understanding of 
the process in question. 


Implementing the Plan 


Each of the representative combinations 


was placed on a separate 3” 5” card as 
shown below. 


‘ o eens 
x3 x6 2x9= 
8) a a 
8xX4= x5 | 7X6= 


Miss Watkins presented these six cards, 
one at a time in the above order, to each 
of the children in her class. Whenever a 
pupil was unable to respond “automati- 
cally’ to any combination, he “‘thought out 
loud” as he attempted to find the prod- 
uct. In these instances Miss Watkins 
would interject pertinent questions, etc, if 
she felt them to be necessary or helpful at 
any time. A class record sheet was em- 
ployed to indicate the product given for 
ach combination by every child and his 
method of response. When not ‘‘auto- 
matic,” the thinking pattern used by the 
pupil was recorded as nearly verbatim as 
possible. 
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These “interviews” were not a new 
experience for the children. Consequently, 
Miss Watkins had no difficulty in estab- 
lishing desirable rapport. The pupils knew 
what they were to do and responded freely 
and fully. They took the “interviews” 
seriously, and at the same time truly en- 
joyed them. 

Such was not always the case, however. 
When Miss Watkins first tried the tech- 
nique with these children in another type 
of situation, things did not run as 
smoothly! More time was needed, especi- 
ally with some pupils, to establish rapport; 
to have them understand what they were 
to do; and to get them to respond natur- 
ally, freely, and fully. Nevertheless, with 
proper guidance and some degree of pa- 
tience, it was not long before all children 


Illustrative Summary of Thought Patterns 





Correct Product 
| That’s it.” 
| = 























8 X4 =32. 
Said, ‘‘Let’s see: 

6 fours are 24, 
7 fours are 28, 
8 fours are 32. 


Hesitated, then said: 


“caught on” and began to enjoy this type 
of experience thoroughly. Furthermore, 
Miss Watkins developed some short cuts 
and a scheme of coding which made the 
recording of responses much simpler and 
less time consuming for her.? 


Studying the Investment Record 


The pupils’ responses and thought pat- 
terns were recorded in the form of a class 
chart to facilitate study of the 
secured. An abbreviated illustration of 
Miss Watkins’ completed chart is repro- 
duced below. This shows the responses of 


data 


2 Some teachers have found the use of a tape 
recorder to be distinctly advantageous, in that 
it frees them from having to make rather com- 
plete written records during the course of each 
“interview.” 


Previously ‘“Taught’’ Facts | “Untaught” Fact 
hte ‘ elie aaeliady = news = 
se - 
Pupil | é y 
x3 8xX4= «5 
co Lee SS 1 Rls ee Sie cee oll. 
Hesitated, then recited full | Hesitated, saying “I don’t 
“table”’: | know that.’’ Then put down 
Sally | Automatic Response 1xX4= 4, 5 rows of 9 dots and counted 
| Correct Product 2xX4= 8, | by ones to reach 45. 
3X4=12, 7 
etc, to 


Looked up a bit, then said, 
“Now I know how to work 
that one! 5 tens are 50, so 
| take away 5 and that’s 45.”’ 


“Oh, 








Hesitated, then said: Hesitated, saying ‘‘We never 
| “7 and 7 are 14—15, | I know! It’s the same as 4 | had that one before.”’ Began 
Linda | 15—17, 18—19, 20— | eights, and I remember | to add 9 and 9; then sud- | 
| a.” | that’s 32.” denly she stopped = and | 
| | counted by fives to 45. 
| With seemingly no hesita- | Very little hesitation, then | 
| Automatic Response tion, said: ‘‘4 fours are 16; said: ‘Well, 4 nines are 36; | 
Carole | Correct Product and 10, that’s 26; and 6 and 10, that’s 46; so take 
| more—30, 32.” | away 1, that’s 45.” 
| Automatic response, but in- Looked very confused say- | 
correct product of 36. When | ing: ‘“‘I don’t remember that 
Jerry Automatic Response asked to “‘prove’’ it, looked | one. Did we have it before?” | 
Correct Product puzzled and said, “I can’t, | Was unable to attack it | 
but I’m sure that’s what it | sensibly, asking: “Is it near 
is—36.”’ 14?” | 
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five children to three of the combinations 
—two of the “previously taught” group 
and one of the “untaught” group. Un- 
doubtedly the reader will want to look 
over the chart at this point, and also will 
have occasion to refer to it from time to 
time during the discussion which follows. 


An Overview 


Even a cursory glance at the illustra- 
tive chart brings to light a distinct ad- 
vantage of the interview technique. Miss 
Watkins more simply could have had each 
child copy the combinations on a sheet of 
paper and then write the products. Had 
she done this, the observable result likely 
would have been the same for Sally, 
David, Linda, and Carole: all four would 
have written the correct product for each 
combination. Miss Watkins easily might 
have drawn the erroneous conclusion that 
these four pupils had comparable mastery 
of the facts and understanding of the 
fundamental nature of the multiplication 
process, and that the next learning experi- 
ences could be virtually the same for each 
of the four children. 

Such been far from the 
truth, however, Sally, David, Linda, and 
Carole actually differed significantly in 
various ways from the standpoint of the 
thinking patterns behind their ultimate 


would have 


overt responses. They differed in their 
level of mastery of the facts, in their level 
of understanding of the multiplication 
process, and in their level of ability to 
other and 


relationships. The same subsequent learn- 


use mathematical concepts 


ing experiences would not be equally 
appropriate and effective for each of the 
four pupils. These facts were brought 
to light clearly through the interview 
technique but would have been obscured 
had Miss Watkins used a simpler alterna- 
tive such as the one mentioned above. 

Let us now look briefly at the record for 
each child listed on the illustrative class 
chart and direct attention to observations 
which deserve special comment. 


Sally 


Notice first that Sally used a common 
procedure in attacking the second fact 
when unable to respond automatically. 
She started at the beginning of the “four’s 
table’ and repeated the sequence of facts 
in order until she arrived at 8X4=32. 
Next observe that although Sally tackled 
the “untaught’’ combination at a rela- 
tively low level, she understood the mean- 
ing of the combination and proceeded ac- 
cordingly. It is important to note that 
Miss Watkins could make no inference 
concerning Sally’s understanding, however, 
from her response to either the first or 
second combination. The former response 
was automatic, and the latter might have 
come only from rote memory. 


David 


First observe that although David, like 
Sally, used the “four’s table” to arrive at 
the second product, he did so in a more 
mature way. Rather than start at the 
beginning of the ‘‘four’s table,’’ David 
started with a ‘“‘remembered”’ fact well 
along in the table (6X4=24) and re- 
peated the facts in sequential order from 
that point until he reached 8X4=32. 
Next notice the insightful method used by 
David to find the product for the “un- 
taught”’ combination. Here is evidence not 
only of an understanding of the meaning of 
the combination, but also of a relatively 
mature attack based upon this under- 
standing in relation to the distributive 
principle.’ 


Linda 


This child had not reached the level of 
automatic response for either of the two 
“previously taught” facts. Each of these, 
as well as the “untaught”’ fact, had to be 
solved—but at different levels of thinking. 


’ This all-important principle is a functional 
one for many children even though they may 
not be able to express it concisely in the form of 
a verbal statement or mathematical equality: 
a(bt+c)=ab+ac. In this specific instance, 
5X9 =5 (10-1) =5 X10 —5 X1 = 50 —5 =45. 
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All methods of attack, however, gave 
evidence of understanding of one kind or 
another. Linda’s approach to the first com- 
bination was at a relatively low, but not 
uncommon level. She used a “known” 
addition fact at the outset (7-+7 =14) and 
then resorted to partial counting. It is in- 
teresting to observe the rhythm employed 
in this latter connection. 

Linda used the commutative principle‘ 
when dealing with both the second and 
third combinations, but at different levels. 
In the former instance she found the prod- 
uct for 8X4 by responding automatically 
to the “‘reverse’”’ combination, 4X8. In the 
latter instance we see an interesting in- 
sightful procedure in which Linda applied 
this commutative principle in a way that 
enabled her to find the product much more 
easily than if she had continued to add 
nines as she started to do. It is significant 
to note that her attack upon the ‘“un- 
taught”’ combination was, in a sense, more 
mature (or at a higher level) than was her 
attack upon the first ‘‘previously taught”’ 
combinations. 


Carole 
The approaches used by Carole to the 
second and third combinations show 


effective use of the base of our number 
system (10) and its multiples (20, 30, 40, 
etc.), as well as functional application of 
other important mathematical relation- 
ships and understandings. In effect she rec- 
ognized that 8X4 would be twice as much 
as 4X4, which she knew to be 16. Her 
method of doubling the 16 was far from 
stereotyped! In responding to the “un- 
taught” combination, Carole worked from 
a related “‘known”’ combination (4X9) and 
then added 9 to the product by first add- 
ing 10 and then subtracting 1. In one way 
or another this child used more automatic 


4 This useful principle asserts that if a+b =c, 
then bXa=c. Although the interchange of fac- 
tors does not affect the size of the product, it 
does alter the meaning of the situation. For ex- 
ample, 8X4 has the same product as 4X8, but 
the expression ‘8 fours’’ does not mean the same 
thing as the expression ‘4 eights.”’ 


responses to “known’’ facts than any of 
the other.pupils did. 


Jerry 


This youngster’s responses present an 
overall picture that is much different from 
any of the four which have been discussed 
previously. Nevertheless, the picture is far 
from unique or atypical—unfortunately! 
Multiplication as a mathematical process 
has very little meaning for Jerry, if any. 
He could respond automatically to “pre- 
viously taught’? combinations—some- 
times correctly, sometimes incorrectly 
but always mechanically to a meaningless 
stimulus. When questioned by Miss Wat- 
kins and asked to “‘prove”’ one of his prod- 
ucts, he was unable to do so. He did sense 
that a “new” combination was involved at 
one point, but he had no way of coping 
with the situation. His ultimate response 
showed that he thought maybe he should 
add the 9 and the 5. Definitely, Jerry was 
in a class by himself when compared with 
the other four children. 


Other Pupils 


Obviously, the examples cited in the 
illustrative class record and just discussed 
do not embrace all of the thinking pat- 
terns, etc. revealed to Miss Watkins 
through her interviews. At times she 
needed to inject more questions of her own 
than she did in the illustrative instances. 
She found some difficulties, too, which 
were not in evidence for these five chil- 
dren. She observed that a few pupils were 
somewhat confused by the horizontal 
algorism and seemed uncertain about 
responding to combinations in this form. 
For one or two children just the opposite 
was true. Furthermore, she noticed that 
some pupils read the vertical algorisms 
downward rather than upward (e.g., ‘7 
times 3”’ instead of “3 times 7’’). Many of 
the patterns of thinking etc. were similar 
to those observed by Brownell and Carper® 


5 William A. Brownell and Doris V. Carper, 


Learning the Multiplication Combinations. Duke 
University Research Studies in Education, No 
7. Durham, N. C.: Duke University Press, 1943. 
177 pp. 
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when interviewing children in connection 
with their excellent research study, Learn- 
ing the Multiplication Combinations. Of 
course, some different patterns were ob- 
served as well. 

All in all, Miss Watkins gained in- 
valuable information about the strengths 
and weaknesses of her fourth-grade chil- 
dren in relation to basic facts and under- 
standings of multiplication at the outset 
of her proposed program of systematic 
instruction in this phase of arithmetic con- 
tent. Miss Watkins had made her invest- 
ment, but where are her dividends? 


Earning the Dividends 


Miss Watkins, and all teachers, must 
beware. dividends from inter- 
view-investments donot come automatically. 
They must be earned—earned by putting 


the investment to use. Only in that way 


Highest 


can the attractive dividends of increased in- 
structional effectiveness be realized most 
fully. 

Put the investment to use? In what 
way? By planning and implementing dif- 
ferentiated instruction based upon in- 
formation brought to light through a 
study of the investment record. As is 
true of so many things, often this may be 
“easier said than done.” To indicate in de- 
tail how Miss Watkins used the data she 
gathered through the interviews—that 
would be another paper in itself. However, 
we must look briefly to one of the pos- 
sibilities, to one of the things that might 
be done. We must catch a glimpse of one 
way in which the dividends could be 
earned. 


A Promising Plan 


Miss Watkins did not have her class 
organized formally in groups for arithme- 
tic instruction in the same way that many 
teachers do. That is, she had not set up 
several groups (three, let us say) at 
the outset of the year’s work and then 
provided mostly separate and indepen- 
dent instruction for each of the groups, 
permitting them to progress at their own 


rates—with all children in the class work- 
ing together on common projects, etc. 
only rather infrequently.® 

Although Miss Watkins did not or- 
ganize her class formally in two or more 
groups and follow the instructional scheme 
just characterized, she did use groups 
many times in her teaching—but in a 
significantly different way. She employed 
a much more flexible plan of grouping— 
one that developed as the need arose, 
following her frequent exploratory work 
with the class as a whole in which a 
“grouping effect’? generally prevailed. 
Miss Watkins had attempted to translate 
into action a promising plan advocated 
and illustrated by various persons,’ in- 
cluding the present writer,’ which places 
major emphasis upon differentiation in 
terms of level or depth of learning rather 
than rate of progress as we often conceive 
it in the frequent grouping procedure. 


A Glimpse of the Plan in Action 


When Miss Watkins began her reteach- 
ing of the understandings and skills of 
multiplication involving the basic facts 
with 2, 3, and 4 as multiplicand and multi- 
plier, her initial approach was through 


6 For a recent exposition of this point of view, 
see Charles E. Johnson’s “Grouping Children 
for Arithmetic Instruction.’”? THe ARITHMETIC 
TEACHER |: 16-20; February 1954. 

7 See, for example: 

John R. Clark, “‘A Promising Approach to 
Provision for Individual Differences in Arith- 
metic.”’ Journal of Education 136: 94-96; De- 
cember 1953. 

John R. Clark and Laura K. Eads, ‘‘Teaching 
Children in-Groups.’’ Guiding Arithmetic Learn- 
ing. Yonkers: World Book Co., 1954, pp. 245- 


9no 


252. 

Rolland R. Smith, ‘‘Provisions for Individual 
Differences.”’ The Learning of Mathematics, Its 
Theory and Practice. Twenty-First Yearbook, 
National Council of Teachers of Mathematics. 
Washington, D. C.: The Council, 1953, pp. 271- 
302. 

8 J. Fred Weaver, ‘‘Differentiated Instruction 
in Arithmetic: An Overview and a Promising 
Trend.” Education 74: 300-305; January 1954. 

® It is to be understood that the basic facts 
involving 1 and 0 were included. Products for 
such facts were considered in relation to the 
broad generalizations governing the use of these 
numbers as factors. 
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work with the class as a whole. The in- 
terview data were used to good advantage 
in this connection, giving her some idea of 
the strengths and weaknesses of each pu- 
pil and an indication of the level at which 
he might participate most successfully in 
the instructional activities. 

Jerry and a few other youngsters defi- 
nitely needed help in gaining and under- 
standing of the nature of multiplication 
as a mathematical process. She knew that 
Sally and a number of other children would 
be able to interpret this meaning for 
Jerry and those like him at the concrete 
or semi-concrete levels. Still other pupils 
would be able to extend the interpretation 
to the more abstract levels, symbolically 
relating multiplication to addition, ete. 

Thus, each child was enabled to con- 
tribute and profit at his own level of learn- 
ing, and the interview data gave Miss 
Watkins a most helpful indication of the 
level at which she should encourage each 
pupil to work at this point of her reteach- 
ing. Actually, a “grouping effect’? was in 
operation even though the children worked 
together as an entire class. 

Frequently, however, situations arose 
which made it desirable for Miss Watkins 
actually to separate the class into several 
groups and work with each somewhat in- 
dependently for a while. Often these 
groups would deal with the same broad 
aspect of multiplication, but at different 
levels. 

For example, at one point in her re- 
teaching Miss Watkins injected the idea 
of organizing related facts into a “table” 
for further study of relationships, etc. 
She had the entire class consider a situation 
such as the following: 


Some boys in the school shop were making 
4-wheeled toy wagons for Christmas presents 
to be sent to children’s hospitals. 

How many wheels would they need for 1 


wagon? 

How many wheels would they need for 6 
wagons? 

How many wheels would they need for 
3 wagons? 


How many wheels for 8 wagons? 


How many wheels for 5 wagons? 
How many wheels for 2 wagons? 
For 9 wagons? 
For 4 wagons? 
For 7 wagons? 


As the products were found and verified 
at different levels, they were recorded as 
follows: 
4 4 4 4 4 4 4 4 4 
xi XS Me. MS MS XZ KMD X44 X7 


4 24 12 32 2 8 36 16 28 


Discussion of these recorded facts led 
pupils to rearrange or reorganize them in 
the manner indicated below: 
ef. 6 ae G4 
“x1 MF MO MS MS KO XT XS XD 


4 S$ 12 14620 24 2 32 36 
Miss Watkins knew from her interview 
data, and from the work she had just 
done, that the children differed materially 
in the level at which they could deal with 
this type of situation and the depth to 
which they were able to perceive relation- 
ships among the facts. 

Consequently Miss Watkins divided 
her class into separate groups—three, in 
this instance—characterized somewhat as 
follows: 

Group 1—those who still needed to use rep- 
resentative materials frequently 
and who showed very limited per- 
ception of relationships among the 
facts of a table. 

Group 2—those who generally could work at 
an abstract level and who had a 
somewhat better grasp of relation- 
ships among tabled facts. 

Group 3—those who showed definite ability 
to deal with higher-level relation- 
ships in abstract form. 


The first group reorganized sets of 
facts into systematic tables and dealt 
mainly with an understanding of the 
presence of the constant factor in a table 
and its relation to the increasing products. 
Representative materials were used fre- 
quently as needed. 

The second group worked with this idea 


as well, but more quickly and without the 


use of concrete or semi-concrete materials. 
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Furthermore, they used their increased 
understandings to determine the next 
fact in a table following one given in isola- 
tion, and also used many “known”’ facts 
in this way to find the product for “un- 
known” combinations. 

The third group dealt with the previous 
ideas only briefly, since these children 
already were rather secure and proficient 
in work of this nature. Most of their in- 
struction centered around a deeper un- 
derstanding of relationships inherent in 
the table of facts: recognizing that 6 fours 
would be twice as much as 3 fours, that 
t fours would be half as much as 8 fours, 
that 7 fours would be as much as 5 fours 
and 2 fours, or as much as 4 fours and 3 
fours, ete. 

Later, Miss Watkins again was work- 
ing with the class as a whole. Still later, 
she was dealing with separate groups once 
more. In any event, levels of learning were 
constantly in her thinking as she planned 
and implemented her instructional pro- 
gram. Children were encouraged to work 
at the highest level of which they were 
capable and to move to higher levels as 
quickly as feasible. Consequently, a given 
child was not always placed in the same 
group when Miss Watkins felt the need 
to form such; nor was it impossible for a 
child to move from one group to another 
at virtually any time he showed evidence 
of working better at another level. 

As her program of arithmetic instruc- 
tion progressed throughout the year, Miss 
Watkins continued to use the interview 
procedure. At times she would study the 
thought the 


entire 


patterns of only some of 
the 


class. In any event, she used the interview 


children: at other times, of 
to gain helpful and truly necessary infor- 
information that influenced her 


instruction greatly but which would have 


mation 
been obscured frequently without use of 
the technique. 

Concluding Statement 


Children’s thinking patterns in arith- 
metic are highly important. Every teacher 


can make a sound investment by inter- 
viewing children in her class periodically 
to determine and study their levels of 
thinking when dealing with various quan- 
titative situations. By then using the 
knowledge gained from such interviews to 
assist her in providing a helpfully differen- 
tiated program of teaching and learning 
experiences, every teacher can reap big 
dividends in the form of increased instruc- 
tional effectiveness. 


Eprror’s Nore: Dr. Weaver has shown that 
different children think, discover, and respond 
by different methods which apparently show 
different levels of “‘maturity.’”’ One of the high 
arts of teaching is in knowing how to stimulate 
and lead pupils into more mature levels of per- 
formance. It is probably as wrong to try to 
teach a standardized method of discovery as it 
is to teach facts for rote memorization. The hu- 
man mind is very complex and true learning is a 
growth process and not merely repeating the 
learning of others. The ‘‘flexible grouping’ de- 
scribed by Mr. Weaver has many advantages 
which are social as well as mathematical. A 
teacher, like Miss Watkins, must through train- 
ing and experience have gained a high level of 
discernment, she is to be prized. 





A PERCENTAGE BOARD 


Miss Inez Bailey of Rawlins, Wyoming 
likes to use a large square divided into 100 
small squares so that each small square 
represents 1% and the large square 100% 
or a whole. When a per cent is mentioned, 
the children count as many squares as are 
necessary to represent the given per cent. 
They then find what part this is of the 
large square. This teaches them per cent 
and fractional equivalents in a meaningful 
way. When a part of a per cent is intro- 
duced, they again study their percentage 
square and see that only a part of one of 
the small squares is meant. This helps 
children to visualize and understand the 
difference between 2%, for example, and 3? 
or 75%. It is a simple but very helpful de- 
vice. 

Such a percentage board can be made of 
materials such as oilcloth, muslin, slated 
blackboard cloth, or any suitable material. 





Flexibility in the Arithmetic Program 


To Promote Maximum Pupil Growth 


MaupbrE CosBurRN 
Oakland Public Schools 


HAVE HAD THE PRIVILEGE of observ- 
| ing arithmetic in many classrooms 
where arithmetic has real meaning for 
children. Would you like to visit with me 
in some of these modern classrooms where 
children really live their arithmetic? 

First, we shall visit a primary room. 
As we enter, we see several children stand- 
ing in the front of the room. Other chil- 
dren are at the chalkboard ready to record 
the number present and the number ab- 
sent as each leader announces the result 
of the count of his group. As we watch 
and listen, we see and hear the class, with 
the help of the teacher, find the total num- 
ber of children present and the total 
number absent. While this is being done, 
other children are counting those present 
by ones or twos to check the accuracy of 
the record on the board. 

It is Friday, the day of the week on 
which milk money is collected. Milk costs 
thirty cents a week. Some children have 
brought three dimes, some have brought 
six nickles, other five nickels and five pen- 
nies. One has brought a quarter and a 
dime and announces that he needs a nickel 
change. Another child who needs experi- 
ence in handling money is named to give 
the correct change. All the ways of mak- 
ing thirty cents are discussed. Dimes, 
nickels, and pennies are stacked, so the 
total amount of money can easily be 
counted. 

It is time for reading. Twelve chairs 
have been counted and placed in a semi- 
circle near the teacher’s chair in the front 
of the room. Thirteen books are on the 
table, having been counted out by the 
monitor of the day. There are thirteen 
books because there are twelve children 
in the group, and the teacher makes one 


more, or thirteen. The teacher remarks 
that there are visitors in the room and in- 
quires, “How many more books do we 
need so each visitor may have a book?” 
Then she proceeds, ‘Yesterday we finished 
our story on page. 15. On what page shall 
we begin today? Can you find that page?”’ 
She may not even have a chance to ask 
these questions before someone in the 
group will say, ‘Our story is on page 16 
today.”’ In this case, the teacher then 
asks, ‘‘How do you know?” There are 
many opportunities during the reading 
period to use numbers without disrupting 
the reading program. 

Let us go on to a third grade. Here we 
find the class planning an excursion to the 
harbor. Eight mothers are going to take 
the children in their cars. There are thirty- 
six pupils in the class. How many children 
can go in each car? How long will it take 
to go to the harbor? What time will they 
have to leave the school in order to get 
there in time to take the boat which leaves 
at 9:30? How much money will all the 
tickets cost, if each fare is thirty-five 
cents? 

You may say, “But these children in 
the third grade can’t divide by eight. 
They can’t multiply thirty-five cents by 
thirty-six.’ Don’t be too sure until you 
have tried it. Children have ways of find- 
ing answers, if they are allowed freedom 
to think. They may not react on an adult 
level, but that is not necessary at this 
point. They are not yet ready to learn 
multiplication or division on an abstract 
level. What we are interested in now is 
whether they are doing some critical think- 
ing, some real problem solving, some 
estimation, and whether they are acquir- 
ing an interest in and an appreciation of 
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the use of numbers in everyday living. 

When we enter the sixth-grade room we 
have no trouble knowing what the interest 
unit is. Everything in the room clearly 
shows that aeronautics is taking first 
place. There are model planes built to 
scale. There is a time line around the top 
of the chalkboard showing the progress 
of airplane invention. Graphs and charts 
show comparisons of speed. Maps show 
air lanes. The boys and girls are in small 
discussion groups. One group may be 
studying air maps and comparing dis- 
tances. Another group may be discussing 
the instrument panel they have con- 
structed, while still another group may be 
discussing the newspaper article about the 
latest speed record of planes. 


Learning Through Experience 


Have we seen examples of real arithmetic 
in these rooms? Can you sense a change 
in the methods of teaching arithmetic? 
You may be thinking that this is the old 
“incidental theory’ of teaching arith- 
metic, but it is far from that. This is 
planned use of arithmetic and is only a 
part of the total arithmetic program, but 
an important part, real live application. 
This change has taken place largely be- 
cause of the many studies made of how 
children learn. Learning is being recog- 
nized as a change of behavior through 
actual experience. 

Who is responsible for this change of 
behavior in the classroom? The teacher is 
the instigator and guide, and the pupil 
is the active participant or learner. The 
experiences provided must make sense 
to the child and must be important to 
him. 

We have observed learning taking place 
as a result of rich experiences. The mo- 
tivating factor was interest. For some 
children this interest was already there, 
for others it was just developing. The 
experience was satisfying needs that the 
children had at the moment. Each child 
was taking an active part, according to 
his ability. He was not being held to a 


rigid standard of arithmetic for the grade. 
No marks were being given and no re- 
wards were bestowed, but each child had 
a feeling of accomplishment and a feeling 
of belonging to the whole group, and that 
feeling could be sensed by anyone enter- 
ing the room. 

If we were to visit these rooms during 
the regular arithmetic period, I am sure 
we would find the same atmosphere. The 
teacher would not be dictating every move 
the child should make. He would be pro- 
viding opportunities for the pupil to de- 
velop independence. He would be en- 
couraging initiative. The child would be 
discovering answers for himself. The 
child would be helping in the planning of 
his own activities. This behavior would 
have been the result of good planning 
over a considerable period of time. Change 
of behavior doesn’t take place over night. 
Sometimes we get in too much of a hurry 
and do not let things develop in the best 
possible way. We begin to have fears and 
then we push for rapid results. 


The Need for Flexibility 


A flexible environment is apparent in 
2ach of these classrooms. You know that 
real arithmetic is being experienced. It 
is the child’s room. The bulletin boards 
have, for the most part, been planned and 
arranged by the children. Many charts 
around the room are pupil-made. There 
are reference books of varying reading 
levels available to the children. There is 
a table with arithmetic games and manip- 
ulative materials on it. Measuring de- 
vices are much in evidence. Experiments 
are in process with diagrams and charts 
to show planning and progress. It is a 
learning laboratory. 

The classroom environment is such 
that the curiosity of the child is aroused. 
He enters the room with enthusiasm. He 
argerly anticipates what is going to hap- 
pen and looks around for something new 
which the teacher may have brought to 
stimulate interest and curiosity. 

The desks in this classroom are movable 
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and are arranged according to the needs 
of the moment. If rearrangment of seats 
is not possible, there should be a table 
around which a small group may gather 
for discussion and planning. Even with 
fixed seats, there are ways of getting into 
closely knit groups. Children working as a 
group must be seated close together, so 
conversation can be easily directed and 
planning can take place under the least 
distracting conditions. Any written di- 
rections for the group can be placed on 
the chalkboard near where the group is 
sitting. Children move into groups for 
reading, so why not for arithmetic? 

The arithmetic program must be flexible. 
Teachers and parents know that children 
do not develop at the same rate, nor in 
the same way, nor at the same time. Be- 
cause of this variation, there must be a 
differentiated program in each classroom 
to take care of the individual child. Even 
though we understand that learning is an 
individual matter, we realize that instruc- 
tion must be group procedure. Within the 
small group, the individual learns from 
his own activities, from his own reactions 
to the situations in which he finds himself 
according to his own interests and needs 
and at the level of his own ability. Each 
child achieves his own goal. 


Know the Child 


The teacher must take the child where 
he is and proceed from there. This means 
that the teacher needs to know something 
of the child’s background of experience, 
both in school and at home. He will need 
to know about the child’s ability to learn, 
his interests, and something of his needs. 
He will want to become acquainted with 
the child as a whole child: his personality, 
his likes and dislikes, and his problems. 

The teacher accomplishes these things 
in several ways. First, he becomes ac- 
quainted with the children by chatting 
with them informally before school when 
they are helping around the room. He lis- 
tens as the children talk with each other 
in the room or on the playground. He 


observes the children during activity 
periods when they are constructing, doing 
dramatic play, or participating in art 
activities. 

Second, the teacher may have an in- 
terview or conference with the child, at 
which time he encourages him to tell why 
he likes or dislikes arithmetic. The child 
will be able to discuss some of his difficul- 
ties. This is the teacher’s opportunity to 
show the child that he takes an interest in 
him as an individual and that they are 
going to work together. The child will 
recognize the teacher as his friend and will 
feel secure as a person. The child who has 
exceptional ability will be discovered and, 
through these interviews, he will be en- 
couraged to plan experiences in keeping 
with his special interests and ability. 

Third, the teacher can get some infor- 
mation about children from records which 
previous teachers pass on to him. 

Fourth, the teacher will give formal 
tests which will show the child’s level of 
achievement and readiness. 

The teacher now will put all of his 
information together and will plan for the 
whole class, but will be able to do a better 
job because of his knowledge of the in- 
dividuals who make up that class. There 
will be a great range of ability, but in- 
structional groups can be formed to take 
care of individual differences. 


Flexible Grouping 


The teacher’s handling of groups must 
be flexible. Several ways of grouping are 
possible in any classroom. The subject of 
grouping is vast; therefore, only brief 
mention will be made of types and an 
example or two will be given. 

1. The entire class may work as a group 
toward the solution of a common problem. 
The excursion mentioned in the first part 
of this paper is an example of this type of 
grouping. The aeronautics unit in the 
sixth grade is on a more advanced level. 
The class was divided into smaller groups 
to work on different areas of the same 
topic. They will all come together as a 
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class, and each small group will contribute 
its thinking to the whole. 

2. Sometimes groups are formed accord- 
ing to social interests. Games represent 
this type of grouping. Friends can work 
and play together. 

3. At times, there is a group of espe- 
cially gifted children. The teacher may plan 
a long-term project with this group. They 
will advance at their own rate of speed, but 
the teacher will be there to guide them 
when necessary and to see that they are 
challenged. Money and how it affects our 
way of living and the history of clocks and 
time are types of enrichment units suitable 
for this group. Both of these topics re- 
quire research. They also afford oppor- 
tunities for excursions, planning and ar- 
ranging exhibits, and other activities. Of 
course, such experience units as these 
may be a whole class project with reading 
and number activities planned to fit the 
various levels of ability in the class. 

1. The most 
grouping, and one which is necessary, is 
that based on specific mathematical needs 
of children. As has been stated above, all 
children cannot be expected to be ready 
for the same work at the same time. Pu- 
pils may be in different stages of learning 


commonly discussed 


of any one process. Some may need more 
expenence with concrete materials; some 
may be in the semi-concrete stage; and 
others may be at the abstract level when 
they are ready for concentrated drill and 
application of what they have learned. 
In this type of grouping, the teacher is 
recognizing all stages from the most im- 
mature to the most mature. In the same 
class, the range of ability and understand- 
ing may be so great that some pupils are 
in the counting stage, some in the addition 
and subtraction stage, and others ready 
for multiplication and division. This abil- 
ity grouping permits continuous progress 
which is necessary because of the sequen- 
tial nature of arithmetic. 

There must be flexibility in the types of 
materials in The 
learner cannot be expected to work in the 
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same book as the fast learner. Supple- 
mentary books on various levels must be 
provided. Reference books must be avail- 
able for both the pupil and the teacher. 
In order to adapt the instruction to in- 
dividual differences, suitable instructional 
materials must be available. For every 
new learning, concrete materials, semi- 
concrete materials, and work sheets on the 
abstract level must be ready. 

Drill or practice must be flexible. It 
must be varied. Children do not progress 
to higher levels of learning by practicing 
the same material over and over in the 
same situations. The child should practice 
what he needs. Needs will be different for 
different individuals. Drill can be varied 
by being oral part of the time and written 
part of the time. Games are good media 
for drill. Practice in real situations is the 
best form of drill, but drill on the abstract 
level must also be provided at the right 
time. 

Assignments and daily lessons must be 


flexible. Merely assigning the next page in 


the arithmetic book is not teaching. 
Usually the new concept will be developed 
from an experience taken from the daily 
life of the children. Multi-sensory ma- 
terials will be used for pupil discovery. 
After the children have made some gen- 
eralizations from the use of these materials 
and from the relationships they have 
made, they will use the textbook to rein- 
force their learning. In this way quantita- 
tive terms which apply to the new concept 
will be familiar to the child and will have 
become part of his oral language vocabu- 
lary before he is asked to read them. 

The daily lesson should be varied. 
There will be changes of activities during 
the arithmetic period. Some of these 
activities are group discussion, group 
activity, individual projects, group proj- 
ects, individual practice, board work, use 
of films and other audio-visual materials. 
In this paper, it is not possible to give 
examples of planning to show how the 
teacher manages groups in the daily pro- 
gram. 
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A Broader View of Evaluation 


The testing program must be flexible. 
Attitudes and meanings, as well as skill in 
computation and word problem solving, 
must be evaluated. Some techniques of 
evaluation are observation, individual 
interviews, class discussion, pupil reports, 
as well as formal paper and pencil tests on 
quantitative thinking. 

If tests are to have any value for the 
teacher, they must be carefully diagnosed 
to find the general area in which perform- 
ance is unsatisfactory, and also to find 
specific areas of difficulty. Small instruc- 
tional groups are formed on the basis of 
needs shown in these tests. The basic 
purpose of evaluation is improvement. of 
learning. It is a way of finding out what 
each child knows and what he doesn’t 
know. Then development of new concepts 
or reteaching of those topics not com- 
pletely understood is begun. 

Evaluation is an integral part of the 
instructional program. It must be a con- 
tinuous process. It must be done in terms 
of the objectives set forth in the curricu- 
lum guides. Test data must be considered 
in their relationship to the background, 
mentality, and interest of the individual. 
Testing is not an end-of-the-year tech- 
nique in order to give a mark for work 
done. 


The Teacher and the Course of Study 


In order for flexibility to be possible, 
the course of study or curriculum guide 
must be flexible. Because of traditional 
grade standards, some teachers are re- 
luctant to accept the modern trend of 
flexibility. They still teach the fifth 
grader from the fifth-grade book regard- 
less of his ability and achievement. If the 
curriculum guides could be written show- 
ing progression from level to level instead 
of using grade labels, many more teachers 
would forget grade standards and would 
build from where the child is in his learn- 
ing toward a higher level, basing the 
mathematics on the social development 
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of the child. I am sure we would then have 
higher achievement in arithmetic. 

Since teachers are helping more and 
more in the writing of curriculum guides, 
more experimenting is being done in the 
classrooms. When teachers’ ideas and 
suggestions are accepted and _ incorpo- 
rated in these guides, they feel a sense of 
responsibility for planning a good arith- 
metic program. 

Teachers are encouraged to think of the 
course of study as a guide for them, a 
framework within which they are ex- 
pected to be creative and resourceful. 
They should feel obligated to adhere to 
the basic philosophy, but should also 
feel free to use their own initiative in try- 
ing out new techniques and materials. 
They must adapt the use of this guide to 
their particular classes at any particular 
time. They must know that this guide has 
been based upon recent research and 
trends toward better teaching. It con- 
tains the objectives or outcomes in terms 
of attitudes, meanings, skills, and usage. 
Each teacher must have these objectives 
clearly in mind, if he is to effect changes 
in the behavior of children. He will have 
them in mind, if he has had a hand in 
developing them. 

Teachers believe that children learn 
by doing and know that they themselves 
learn in the same way. They are willing 
to accept new ideas and try them out in 
order to have a better program. 

Teachers need to know arithmetic con- 
tent. They must have mathematical un- 
derstanding, before they can develop 
understandings with children. They must 
also know something about the learning 
process and be able to apply what they 
know in the classroom. 

Teachers need encouragement and guid- 
ance. They must feel they have the con- 
fidence and support of those directly re- 
sponsible for the program. They may get 
this through direct help from supervisors 
and principals. They may get it in summer 
workshops set up in the city in which they 
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are teaching. They may get it from faculty 
meetings or small group meetings with 
teachers from neighboring schools where 
there is a chance for give and take of 
ideas. 

Teachers can get information and can 
follow current trends by reading educa- 
tional magazines, pamphlets, bulletins, 
and yearbooks published by such organ- 
izations as the National Council of 
Teachers of Mathematics, The Association 
for Supervision and Curriculum Devel- 
opment, or the National Society for the 
Study of Education. This material must 
be routed to them for specific purposes, 
not for general reading in most cases, as 
it might be overwhelming at first. 

School people are always open to at- 
tack, often because the public doesn’t 
know what is going on. Parents are eager 
to know what the 
gram is all about. 


‘ec 


new” arithmetic pro- 

Demonstrations by 
children, articles in the local newspaper, 
or talks by supervisors, have helped to 
make parents aware of the value of the 
current practice of making arithmetic 
meaningful. This has resulted in several 
eases in Oakland in requests for parents’ 
classes where they are taught in the same 
manner in which their children are being 
taught. 

These 


portunity to get over to parents the idea 


group sessions afford an op- 
of grouping for instructional purposes. 
They accept the fact that children do not 
learn at the same time, the same rate, nor 
in the same way. They do not want their 
children pushed too fast into something 
for which they are not ready. They also 
realize that some children need to go 
faster. Our responsibility as school people 
is to inform parents of our modern meth- 
ods. When our program is explained to 
them and when children know the reasons 
for what they do and are happy and secure 
in their relationships with the school, and 
go home full of enthusiasm about what 
they are doing—then, and only then, can 
we be sure of whole-hearted cooperation. 


Summary 


1. Flexibility in the program does not 
mean complete freedom of practice or lack 
of planning for progressive development 
of skills. Because of the nature of this 
topic, only brief mention could be made of 
the mathematical phase of arithmetic. 

2. Flexibility has to do with the method, 
not the content, of arithmetic. 

3. Because we feel that children learn 
by using all the senses, the program must 
provide for experiences in which the senses 
can be fully used. This means multi- 
sensory materials must be available. 

4. If interest is a motivating force in 
learning, the program must be flexible 
enough to make use of these interests. 

5. Flexibility stresses the use of arith- 
metic in other areas of the school pro- 
gram—the social studies, science, and 
everyday living. It is a chance for demo- 
cratic living. Because arithmetic is ‘‘every- 
where and all the time,”’ we must recognize 
its importance and have respect for it. 

6. Because we believe in individual 
differences in children, the program must 
be flexible enough to provide for these 
differences. These differences include na- 
tive ability, background, interest, and 
achievement. 

7. Because we believe in individual 
differences of teachers, the program must 
be flexible enough to allow for their 
creative, resourceful thinking. 

8. Testing is an integral part of in- 
struction. Varied types of evaluation 
must be used and the results put to the 
best possible use in improving instruction. 

9. Because research is being carried on 
continuously, we cannot accept all of 
what we are now doing as the end. We 
want progress. Teachers should be in- 
volved in this research. The program must 
be kept flexible to allow for teacher experi- 
mentation. 

10. In order for teachers to do better 
work in the teaching of arithmetic and to 
enable them to use flexible methods, they 
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must know more about arithmetic. We 
are hoping for more and better training 
in this field. 

11. We believe that more and better 
learning takes place in a flexible type of 
program and that it allows for the con- 
tinuous, wholesome development of the 
total child. 

12. We respect each child as a person 
and wish to give him the best possible 
chance for developing into a responsible, 
well-adjusted citizen, and this is possible 
only when he is allowed to help in plan- 
ning his own program and is given a chance 
to do his own thinking. 


Epiror’s Note: Miss Coburn is Supervisor 
of Elementary Education and 7th and 8th grade 
Arithmetic in the Oakland public schools. 
The material for this article was originally pre- 
pared for the 1953 meeting of the National 
Council at Atlantic City. Miss Coburn has de- 
scribed very well an ideal toward which the 
teaching of arithmetic is progressing in many 
sections of the country. Such schools are not 
“play schools,”’ they can and do achieve ex- 
cellent results. In such a school the role of the 
teacher is most important and to carry this role 
successfully the teacher needs a great deal of 
knowledge of arithmetic and its uses and of 
children and their development. Many school 
people are worried about the implications of the 
current trend. They fear that pupils will not 
learn to add or to solve problems. But such is 
not necessary, all good schools provide for or- 
ganized learning and for drill or practice when 
and where needed. The bright child should prob- 
ably spend his extra time in achieving depth 
rather than rushing too far ahead in the mathe- 
matical sequence. What do teachers think of the 
ideal expressed by Miss Coburn? 





SUMMER INSTITUTES 


Ar Norman, Oktanoma, June 6-10. 
Institute for Arithmetic Teachers held in 
conjunction with the Summer Institute for 
Teachers of Mathematics (June 6-17). For 
information write to Mr. F. Lee Hayden. 
The University of Oklahoma, Norman, 
Okla. 

At Los ANGELES, CALIFORNIA, July 
5-15. The California Conference for Teach- 
ers of Mathematics. Elementary and Sec- 
ondary. For information write to Mr. Clif- 


ford Bell, University of California, Los 
Angeles, Calif. 

At New Brunswick, New Jersey, July 
6-15. The Third New Jersey Institute for 
Teachers of Mathematics. Elementary and 
Secondary. For brochure write to The 
Director of the Summer Session, 
University, New Brunswick, N. J. 

AT ATHENS, Onto, June 14-17. Ninth 
Annual Conference in Elementary Educa- 
tion featuring arithmetic. For additional 
information write to Dr. Holbert H. 
Hendrix, Ohio University, Athens, Ohio. 


{utgers 


Epiror’s Notre: These summer institutes 
usually combine work with recreation in a short 
intensive session. They bring state and national 
leaders into informal work with teachers. Col- 
lege credit is usually available for those who 
complete the prescribed work. The workshop 
sessions “‘show how’’ newer ideas and materials 
are used in the classroom. 





REVIEWS 


The following pamphlets are ‘‘Educa- 
tional Service Publications’ available 
from The Extension Service, lowa State 
Teachers College, Cedar Falls, Iowa. 
They are reviewed by Miss Angela Pace. 


IssuE No. 1. Arithmetic: Developing the 
Fraction Concept in the Lower Elemen- 
tary Grades, H. VanEngen, 1946. 10 
pages, 10 cents. 


Teachers who are concerned with effective 
procedures for developing and extending under- 
standing of fractions in the first four grades will 
find many helpful suggestions in this bulletin. 
It shows how everyday objects and simply pre- 
pared materials can be used in developing the 
basic fraction concepts. 


IssuE No. 20. Solving Arithmetic Problems 
Mentally, Jack V. Hall, 1954. 10 pages, 
10 cents. 


Within recent vears there has been a trend 
toward renewed interest in the importance of 
mental arithmetic. This bulletin provides a 
wealth of material on this topic which should be 
of value to the teacher. The meaning, the values, 
and the teaching of mental arithmetic are dis- 
cussed. The author’s illustrations of procedures 
used by children in solving problems mentally) 
at different grade levels are of special interest. 
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The Role of a Principal in Teaching Arithmetic 


LAURA NEWELL 


Principal, Jemison Elementary School, Tuscaloosa, Alabama 


HE LIFE OF AN ELEMENTARY school 
TD ctincia’ is an interesting and chal- 
lenging one. During the course of a day 
and all during the year, he receives many 
genuine satisfactions from his work, as 
well as sharing many interesting experi- 
ences. These experiences and satisfactions 
come through close contacts with teachers, 
pupils, and parents. It takes all these 
groups working together to have a good 
school whose program is responsive to the 
needs and interests of the children in the 
community. 

All parents desire and feel that their 
children need instruction in the three R’s. 
For many years the public schools have 
suffered many attacks about the teaching 
of these subjects. The teaching of arith- 
metic has definitely come in for its part of 
the criticism, especially during the past 
ten years. When boys went into military 
service, some knew very little mathemat- 
ics so the attack was intensified. The 
colleges, high schools, and elementary 
schools started evaluating anew their pro- 
gram of instruction and realized that 
there was a definite need for understand- 
ing on the part of all so that a program 
of study might be planned which would 
attempt to meet the needs of the pupils. 

The content of elementary school arith- 
metic has changed very little through the 
years, but methods of teaching this con- 
tent to pupils are changing markedly. 
Some of these changes in method repre- 
sent entirely new and different approaches 
to helping children understand and master 
arithmetic, while others are only slight 
variations or revisions of older methods. 
Many of our teachers are not aware of 
these changes and continue to follow 
procedures of telling, explaining written 
forms, giving assignments, hearing lessons, 
and checking papers, expecting the pupils 
only to do exactly what they are told. 


Encouraging Faculty Study 


The principal has an important job in 
helping acquaint his teachers with current 
trends in the teaching of arithmetic. Is is 
necessary that teachers be alert to im- 
provements in teaching methods so that 
the instructional program will meet the 
needs and the abilities of the pupils. The 
teachers and principal working together 
through faculty-study groups are able to 
plan a program of study in arithmetic 
which will have more meaning for the 
pupils. If the principal is to be of service 
in formulating such a program, he must 
be aware of the trends and must have stud- 
ied new approaches to determine their 
value and use in his situation. He must 
be sold on them in order to sell them to his 
teachers. He must be prepared to aid a 
planning committee of teachers as they 
select and secure materials to be used in 
their study. These materials would include 
professional books on the teaching of 
arithmetic, copies of various textbooks 
which use new and different approaches, 
monographs and magazine articles per- 
tinent to the subject, as well as samples 
of aids to be used in the teaching of arith- 
metic. 

After the materials collected have been 
studied, discussed, and evaluated, the 
teachers begin to realize that the task of 
the arithmetic teacher involves the crea- 
tion of situations in which children ac- 
tively seek answers to their questions. 
The teaching plans, the organization of the 
classroom, the interest and enthusiasm 
of the teacher will do much to stimulate 
pupil growth. This organization will pro- 
vide opportunities for pupils to explore 
and question, to use their own ingenuity 
in making experiments and in trying 
various ways of doing things so that they 
may arrive at the best solution. In such 
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an arrangment the teacher and the pupils 
will be alert to classroom situations which 
present meaningful experiences for pupils 
in arithmetic. Teachers must realize that 
one must be patient, must go only as 
fast as pupils can go in learning, must use 
many concrete and semi-concrete aids in 
teaching all phases of the arithmetic 
program, and that these may be used on 
all grade levels. 


Securing Concrete Aids 


Another responsibility of the principal 
is helping teachers secure concrete aids 
to be used in the teaching program. Many 
teachers realize the value of the use of 
such aids; but, since funds to purchase 
them are limited, they have very few to 
use in the classroom. Many aids are very 
inexpensive and easily made. The children 
love to help collect such aids as spools, 
popsicle sticks, milk bottle tops, dominos, 
beads, tickets, and other similar items 
to be used in counting and in proving 
number combinations. The abacus, peg 
boards, tens blocks, number charts, and 
flannel boards may be made from plywood 
pieces of scraps. Most school communities 
have a wood working shop of some kind 
where the sawing or drilling may be done. 
Teachers and students in high school 
shops and trade schools are willing to help 
if approached. When parent groups be- 
come interested, many aids may be made. 
The children welcome opportunities to 
help in sandpapering, varnishing, or paint- 
ing aids. Costs are reduced to a minimum. 

Acoustical tile used with golf tees makes 
an excellent aid in teaching arithmetic. 
Contractors are glad to give pieces that 
are soiled or broken to the schools. The 
golf tees may be purchased for a nickel a 
dozen. This makes a very inexpensive and 
useful aid for teaching almost any process 
in arithmetic. The golf tees can easily be 
inserted to show various number fact 
groupings, decimal system patterns such 
as 10 tens in a square arrangement, or other 
organizations of number. Or three golf tees 
and a length of string can quickly be 


arranged to outline a neat triangle. Need- 
less to say, the use of the above aids would 
enrich the program of teaching and re- 
sults would soon be apparent. As teachers 
use aids they discover new uses and new 
aids each day. 


Stimulating Experimentation 


Most teachers need encouragement to 
experiment and try out new ideas. The 
principal through his interest and en- 
thusiasm is able to encourage and stimu- 
late teachers who are otherwise hesitant 
to try new methods and new approaches, 
The needs of pupils—average, gifted, and 
slow-learning—are better met through 
participation in small groups within the 
large group. The materials used by each 
group vary and new materials which the 
pupils have not seen or used before must 
sometimes be secured. Here again the 
principal can definitely help the teachers, 
especially the new teacher. She usually 
needs much help in organizing her day, 
setting up her program, and collecting 
materials. She looks to the principal for 
guidance. This is another reason why he 
must be alert to new methods, ideas, and 
ways of teaching so that he may help 
her get off to a successful start. 


Evaluating the Teaching 


After teaching comes evaluation. The 
principal has a definite responsibility in 
helping teachers evaluate the practices 
and methods used to see if they are fulfill- 
ing the objectives set up in the beginning, 
that of meeting the needs of the children 
of the community. The measures used for 
evaluation are set up for each particular 
situation and should vary from group to 
group. The final measure of the value of 
the whole faculty study is the develop- 
ment of a better understanding of arith- 
metic by teachers and pupils alike. 

All in all, the job of the elementary 
principal in the instructional program is 
one of cooperation with the teachers by 
making himself available to advise, to 


(Concluded on page 59) 
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Addition, Subtraction, and the Number Base’ 


CLIFFORD BELL 


University of California, Los Angeles 


HEN THE TEN ONE-DIGIT NUMBERS 
W are added two at a time in all pos- 
sible ways, we obtain the 100 addition 
facts as shown in the following table. 
Primary AppbITION Facts 
0 ] 2 3 } 5 6 m s 9 
0 0 0 0 0 0 0 0 Q 0 
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A great number of teachers will point 
out early in the teaching of these addition 
facts that a fact and its reverse gives the 
same sum. Thus 3+4=7 and 4 +3=7. 
Hence all the facts in the table below 
the broken double line can be considered 
the same as their reverses which are all 
found above the double broken line. Thus, 
the omission of these reverses leaves only 
55 facts to memorize. The zero addition 
facts in the first row will entail no memory 
work since teachers usually can convince 
a child that the sum of any number and 
zero is the number. Hence the top row 
of facts, above the single line, may be 
deleted, leaving 45 facts, or possibly 46 
if we count the statment about adding zero 
as one fact. These are the addition facts 
that the children usually are required to 
memorize. 

Many teachers have divided the afore- 
mentioned 45 facts into easy, average, 
and hard groups in accordance with the 
results of experimentation with children. 
None of the 25 facts whose sums are 10 
or less are classified in the hard group. 
(These are bounded in the table by the 
broken double line to the left, the broken 
single line to the right, and by the single 
line at the top.) It is my belief that these 
facts should be taught first followed by the 
remaining 20 facts whose sums are greater 
than 10. 

Since present day elementary teachers 
make a great deal of use of the idea of 
grouping objects into units, tens, hun- 
dreds, etc., they will find this an excellent 
approach to the teaching of these last 20 
addition facts. For example, take the fact 


1 Adaptation of a talk given at the Seattle 
Meeting of the National Council of Teachers of 
Mathematics, August 1954. 
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7+5=12. The 7 may be represented by 
7 sticks and the 5 by 5 sticks. These can 
be regrouped into two groups such that 
one of the groups contains 10 sticks. We 
need to known how many sticks must be 
added to 7 sticks to give us a group of 10 
sticks. From amongst the first 25 addition 
facts, we find the answer to this question 
for 7+3=10. Now we have one group of 
10 sticks and a second group of only 2 
sticks. Making use of our number base 
10 and the place system of notation, we 
can write the sum as one 10 and two 1’s or 
simply 12, the required sum. This method 
has been tried in the classroom,? and 
many teachers are now using this proce- 
dure to teach addition. 

This method of learning the primary 
addition facts with sums greater than ten, 
puts a great deal of emphasis on the facts 
9+1=10, 8+2=10, 7+3=10, 6+4=10, 
5+5=10. Two numbers whose sum is 10 
are said to be complementary and each 
number is said to be the complement of the 
other. Thus, 7 is the complement of 3 and 
3 is the complement of 7. Some teachers 
may object to defining this term since it 
may confuse the pupil. However, it may 
have just the opposite effect, since the 
definition tends to set these facts apart 
and thus their learning may become 
easier. 

As is well-known, from each addition 
fact for which the addends are different, 
two subtraction facts are obtained. For 
example, 5+2=7 gives the subtraction 
facts 7—2=5 and 7—5=2. For addition 
facts with the same addends only one sub- 
traction fact is obtained. Thus 4+4=8 
gives only 8—4=4. Hence the 25 addi- 
tion facts whose sums are 10 or less give 
rise to 45 subtraction facts, since there are 
20 with different addends and 5 with the 
same addends. These are the subtraction 
facts which should be memorized. 


2 At the Seattle Meeting of the National Coun- 
cil of Teachers of Mathematics, Miss Dora 
Brosius, Lakewoed Schools, Lakewood, Oregon, 
gave an interesting report on her success with 
the use of this method. 


Developing Subtraction 


Actually in the regrouping method of 
addition, the ideas of subtraction are 
easily introduced. Thus, in the example 
7+5=12, when the child regroups to 
form a group of 10, he is discovering what 
he must add to 7 to make 10. This is the 
additive method of performing the sub- 
traction 10—7=3. Now when he takes the 
3 from the other group, he will find how 
many are left at first by counting. Never- 
theless he is performing the subtraction 
example of 5 take away 3, which is com- 
monly called the take-away method of 
subtraction. Thus by the time the child 
has mastered his addition facts, he has 
actually learned the meaning of sub- 
traction. With a little well-directed help 
from the teacher, memorization of the 45 
simple subtraction facts will be easy for the 
child. 

The remaining primary 
facts are those which are obtained from 
the addition facts in the table bounded 
below by the broken double line and 
above by the broken single line. The reader 
may readily verify the statement that 
there are 36 such subtraction facts, and 
these are the that 
trouble. Again by the proper utilization 
of the number base, these can be made 
easy. Let us consider 15—7=8. In teach- 
ing this fact, the 15 may be regrouped 
into the number base group of 10 objects 
and the group of 5 objects. The teacher 
should now point out to the child that if he 
wishes to take seven objects away, it 
would be best to take them from the larger 


subtraction 


ones usually cause 


group of objects. The child then thinks of 
his problem as 10 take away 7. This fact 
has already been learned, since it occurred 
amongst the easy subtraction facts. If 
the teacher has used the term ‘“comple- 
ment,”’ the answer to 10—7 is the comple- 
ment of 7, which is 3. Since these 3 objects 
together with the other group of 5 objects 


gives 8 objects, the fact 15—7=8 is 


established. All of these 36 harder sub- 
traction facts may be obtained in a similar 
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manner and when presented this way 
children grasp these facts very 
easily. Actually this method eliminates 
the tedious memory work for these harder 
subtraction facts. 

This method, in which the number base 
plays an important role, may be used to 
advantage in other subtraction examples 
such as 54—18=? Writing this in vertical 
form and supplying the necessary crutches 
for the benefit of the reader, we have 


most 


4 10 
A 4 
-18 


os § 

Since 8 can not be taken from 4, we must 
regroup the 5 tens indicated by the 5 in 
the left hand column into 4 tens and 1 
ten. This is indicated by the small 4 over 
the 5 in the left column and the small 10 
over the 4 in the right column. Now the 
procedure is to say, “10 take away 8 is 2 
(which is the complement of 8); 2 and 4 
are 6.’”’ In the next column we simply have 
4 take away 1 which is 3. Of course, the 
crutches would be abandoned after under- 
standing of the method is established. 

This method is not new, but the method 
of presentation may be. It is known as the 
subtraction 
and was used in more or less rule form 


complementary method of 
extensively during colonial days in this 
country. As was customary in those days, 
no attempt was made to give understand- 
ing to the method presented. Gradually 
through the years, as it became apparent 
that better when 
understanding of the operations of arith- 


results were obtained 
metic accompanied the learning of facts, 
new methods of performing operations 
were introduced which seemed to give 
better understanding. The old comple- 
method of subtraction 
abandoned and forgotten. Yet with our 


mentary was 
present-day teaching aids and emphasis on 
this method can be 
taught with as much, or even more, under- 
standing than those in common use. It is 


the number base, 


hoped that the above discussion may en- 
courage more teachers to try the methods 
of addition and subtraction indicated in 
this discussion. 


Epiror’s Note: Readers who are familiar 
with old books will recognize the ‘‘comple- 
mentary method.’”’ Is Professor Bell correct 
when he says that this method can be taught 
with as much, or even more, understanding than 
those in common use? Who will give the new-old 
method a fair trial? How do readers like the 
two-step ‘‘thinking-talk’”’ used with two-digit 
subtraction? Is this a good final method or is it 
better as an intermediate step in thinking? The 
editor objects slightly to Professor Bell’s use of 
the word memorized in passages such as “... 
facts which should be memorized.’ The word 
learned is preferred because so many people have 
come to associate memorizing with a method of 
learning which is often called ‘‘rote memoriza- 
tion.”’ It is clear that the author does not wish 
to imply rote memory because he used objects 
and understanding based upon the nature of the 
number system. 





ROLE OF A PRINCIPAL 


(Continued from page 56) 


lend a helping hand, to help secure needed 
materials, and to encourage the teachers 
in their efforts to improve teaching pro- 
cedures. The principal and teachers, by 
all working together, are able to create a 
learning atmosphere in which arithmetic is 
taught with increased meaning. Children 
participate in experiences which help them 
to develop an understanding of our deci- 
mal number system. They learn to com- 
pute, but they are not pressed to do com- 
putation before they are ready to do so 
throughtfully. Needless to say, the prin- 
cipal who helps create such a situation 
is helping the children in his school to 
learn more arithmetic, to learn it more 
thoroughly, and to enjoy his learning. 

Eprror’s Nore: Miss Newell has given a fine 
picture of the role of a school principal in facili- 
tating learning. The spirit and atmosphere of 
helping, encouraging, and stimulating are very 
different from the older point of view so often 
characterized by “‘I am the boss’’ as an attitude. 
Teachers have a responsibility in “‘educating”’ 
principals who may seem dogmatic because of 
their own insecurity. In many states the amount 
of professional training required of a principal is 
comparatively small. 





They Love Arithmetic! 


Haroup W. STEPHENS 
Ball State Teachers College, Muncie, Ind. 


RE CHILDREN MORE INTELLIGENT today 
than they were years ago? Perhaps 
not, but teaching methods have changed 
drastically and teachers today are able to 
recognize a pupil’s ability, bring it to the 
fore, and help develop it in ways that 
make even a class in arithmetic fun. I say 
even arithmetic because this subject seems 
to frighten so many students in the ele- 
mentary school, and this intrinsic fear is 
often carried into high school and college. 
Contests, as such, are seldom used as a 
part of our arithmetic curriculum. We all 
know that the purpose of arithmetic today 
is not to achieve proficiency through con- 
stant drill, but to develop in our pupils an 
understanding of number and of its rela- 
tionship to their daily living. Modern 
pedagogy rightfully permits the needs of 
the pupils in the classroom to determine 
the means by which a subject might best 
be taught. Strangely enough, in some of 
my sixth and seventh grade classes a few 
years ago at Burris Laboratory School of 
Ball State Teachers College, students 
requested contests, and I used them as a 
means of motivation. It is not implied in 
this article that the teacher supplant the 
usual topics in an arithmetic class by simi- 
lar contests. However, as an instrument of 
motivation they can be effective, develop- 
ing enthusiasm for arithmetic in a class- 
room where indifference or dread of the 
subject might otherwise exist. I learned 
one thing myself: never to underestimate 
the ability of the students in your class- 
room. I was astounded at the scope of un- 
derstanding and the enthusiastic reaction 
of youngsters in these classes. 

One day at the beginning of the school 
year, several of my students approached 
me and requested that I permit them to 
have “races.”’ Not having the vaguest no- 
tion as to what constituted such a race, 


but remembering that ciphering matches 
were once popular in the schools, I 
thought that I might pursue this request 
and through it find an avenue to increase 
their enthusiasm for arithmetic itself 
while improving their manipulative skills. 
I did not desire to put too much emphasis 
on drill as such; however, I did desire to 
aid their self confidence while increasing 
their proficiency, and I sought to use these 
contests as a limited means. It 
cided to deviate considerably from the old 
concept of ciphering matches and show 
the youngsters the alternate 
methods of performing the fundamental 
operations. These alternate methods are 
well known to teachers everywhere. They 
include the scratch method of addition and 
multiplication; the additive process in sub- 
traction; duplation, grating 
method, and Multiplication (re- 
stricted to two digit numbers) in multipli- 
cation; and the French or 
method in division. 

We set aside one day each week, usu- 
ally Friday, as a day to conduct the con- 
test. The class of thirty persons was di- 
vided into five teams. Each 
lected at random served as captain at 
least once. The captains selected their 
teams, one at a time, preferential ap- 
pointment being determined by lot. It so 
happened that the more talented students 
were selected first and the slow learners 
generally last. As they competed against 
each other in the order in which they 


was de- 


some of 


Gelosia or 
Cross 


Austrian 


person se- 


were chosen, we had competition between 
those of similar abilities and aptitudes 
rather than pitting a 
against one less skilled in manipulation. 
I realized it would be unfortunate for me 
to attempt to group students according to 
their manipulative skill and achievements 
within the group. By the ‘democratic 


quick student 
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process”’ of having the students themselves 
select their own team members, this neces- 
sary division was made without any feeling 
of resentment or inferiority on the part of 
the slower students. These slower students 
were given. the opportunity to serve as 
captains in due time. Some of these stu- 
dents improved their proficiency to such a 
great extent that they were among the 
first selected as the contests continued. 
Since some method of scoring the con- 
test had to be designated, the class decided 
that they would make and keep bar 
graphs. Every member of the class kept 
score. Graphs were checked periodically by 
the teacher, students assisted 
each other in keeping correct scores. 


and the 


As this phase of classroom work was 
initiated through the general interests of 
the class as a whole, it seemed desirable to 
allow one member of the class to lead the 
contest and arbitrate any disputes that 
might arise. The contest leader was elected 
by the class members to serve for only one 
contest, a new leader being selected the 
following week. Some of the youngsters 
proved themselves surprisingly capable in 
this capacity. In the case of a serious dis- 
pute, the make 
tions. 


teacher would sugges- 

The class would vote on the different 
methods—usually not more than three- 
that they would use during the period. 
The contest leader would carefully review 
the rules and state which method would 
first. 
team would go to the board in consecutive 


come A representative from each 
order (the captains first, etc.). The leader 
would request some number (one, two or 
three digits) from a volunteer seated in the 
that 
number was necessary in the operation, 


classroom. In the event another 
the leader would request another number 
from still another volunteer. Those par- 
ticipating at the would be_ per- 
mitted to put those numbers down only in 
a certain order, conforming to rigid rules 


board 


which the class members themselves had 
made. They would turn their backs to the 
board and wait for the leader to give the 
signal to start. Once the signal was given, 


they would turn and attempt to carry out 
the new method first and check by the con- 
ventional, or common, algorism. If both 
answers checked, that student would ex- 
claim: ‘Finished!’ All the other con- 
testants would stop at that time. Should 
some class member challenge the student, 
thinking there had been some infraction 
of the rules, and prove his or her assertion, 
the team represented by that contestant 
would not gain a point but would lose a 
point. This eliminated the possibility of 
one of the contestants announcing that he 
had finished merely to prevent another 
student from winning that particular con- 
test. 

These contests seemed to instill confi- 
dence in the children, increase their profi- 
ciency in the arithmetic skills, give them 
an opportunity for leadership, and provide 
an atmosphere of good sportsmanship that 
was carried into other classrooms and ex- 
tracurricular activities. 

Many teachers may be reluctant to 
inaugurate these contests for the simple 
reason that they may think confusion 
would arise by teaching the students 
these various methods of performing the 
fundamental operations. By insisting on a 
check of the procedure by the common, or 
accepted, method each time a problem 
was worked under the alternate method, 
pupils improved their manipulative skills 
considerably and no confusion was evi- 
dent. 

Since no control group was used in this 
project, it is difficult to ascertain whether 
any appreciable change occurred in the 
students’ behavior beyond the normal 
growth. However, it seemed evident to me 
in the classroom and from remarks made 
to me by many of the parents, that the 
enthusiasm of the students for arithmetic 
had increased immeasurably along with 
their skills and self confidence. These were 
their contests; the students had requested 
them, had made the rules, and had gained 
enjoyment from conducting them. They 
answered a particular need in these class- 
rooms, and served the teacher well in this 
instance, as a means of motivation. 








Help the pupil learn arithmetic 
meaningfully 






SIZE 20” x 32” 





Grade | to 4 Requirement 


@ Pana-math is a versatile classroom counting * 
frame for incidental learning of the important 
concepts of arithmetic. The ancient abacus is 
now adapted as a modern aid to visualize 
numbers, groups and relationships by actual 
arrangement of beads. Sturdily constructed of 
13/16” hardwood the frame has 10 removable 
push-spring rods each with 10 colorful beads. 
Specify Pana-math for all new or replacement 
counting frame equipment. (Pat. Pend. . . . 
Reg. App. for) 
@ Time Teaching Clocks * Folding Easels 
Stoves * Sinks * Refrigerators 
Ironing Boards * Educational Toys 
Jig-sow Puzzles * Peg Boards 
Drawing Boards * Piayhouse Screens 


Beads 
DEPARTMENT MT 


DAINTEE TOYS, INC. 


230 STEUBEN STREET, BROOKLYN 5, N. Y. 


















Announcing 


THE NUMBER TREASURES SERIES 


For Grades | and 2 
with 
THE MAGIC CALCULATOR ($1.00) 
and 
THE NUMBER TRANSFORMER ($5.00) 





SPECIMEN SET of NUMBER TREASURES 
containing 
2 unique teacher's manuals 
2 workbooks and 2 number kits 
for the pupils of both grades 
$5.75 a set 
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Remittance should accompany orders to 


THE DECLAN X. McMULLEN COMPANY, Inc. 
22 Park Place New York 7, New York 
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Please mention the ARITHMETIC TEACHER when answering advertisements 











